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A b stra ct

T he fo llow in g  study is  b a sed  on p ap ers by H. U. Sverdrup,

H. S to m m el, and G. N eum ann w hich  have ex am in ed  a n a ly tic a lly  

the p r o p e r tie s  o f the v e r t ic a lly  in teg ra ted  w ind -driven  c ircu la tio n  

in o cea n  m o d els  b a sed  on th e lin e a r iz e d , s te a d y -s ta te  h y d r o - 

dynam ic equations of m otion .

A c r it ic a l  rev iew  is  o ffered  o f the fundam ental p r in c ip le s  

on w hich  th e se  m o d els  w ere  b a sed , the p r o g r e s s iv e  d evelop m en t 

of the v o r t ic ity  b a la n ce  th em e w hich  lin k s th e se  con trib u tion s  

being s t r e s s e d ,  and s e v e r a l  a sp e c ts  of the m a ter ia l rev iew ed  

a re  ch o sen  for  fu rth er  a n a ly s is .

The m od el of Sverdrup d e sc r ib e s  the v e r t ic a lly  in teg ra ted  

c irc u la tio n  in an ocean  bounded on ly  on its  e a s te r n  s id e  by a 

m er id io n a lly  o r ien te d  c o a st . D y n a m ica lly , the m od el p o r tra y s a 

s ta te  of b a lan ce between the cu r l o f the driving w ind s t r e s s  f ie ld  

(the " an em ograp h ic  v o r tic ity " ) and the in tera c tio n  b etw een  the 

resp on d in g  c irc u la tio n  and the ea rth 's  rotation  (the " p lan etary  

v o rtic ity " ). The g eo m etry  of the s tr e a m  and in teg ra ted  p r e s s u r e  

fu nctions w hich  c h a r a c te r iz e  the Sverdrup m od el for  s e le c te d  

p a rticu la r  driv in g  w ind s t r e s s  p a ttern s is  d e scr ib e d , and a tab le  

is  p r e se n te d  fr o m  w hich  th is  g eo m etry  m ay be e s t im a te d  in term s  

of a F o u r ie r  s e r ie s  ap p rox im ation  to  a g en era l driv in g  w ind s t r e s s .  

S verd ru p 's  rec ta n g u la r  C a r tes ia n  a n a ly s is  is  r ep ea ted  in sp h e r ic a l  

co o rd in a tes  to  show  the in flu en ce  on the m od el of the co n v erg en ce  of 

m er id ia n s  on a sp h e r ic a l earth .



E xpansion  of the v o r t ic ity  b a lan ce concept to in c lu d e  th e  e f fe c t s  

of fr ic t io n  in the ocean c ir c u la t io n  (the "friction al v o r tic ity " )  is  

d is c u s s e d . T his d evelop m en t in c r e a s e s  the order of th e  d if fe r e n t ia l  

v o r t ic ity  equation p erm ittin g  exam in ation  of a c o m p le te ly  bounded  

o cea n . The m odel of S to m m e l tr e a te d  a rectangular o cea n  d r iv en  

by a zo n a lly -d irec ted  w ind  s t r e s s  w ith sinusoid al v a r ia tio n  in the  

m e r id io n a l d irection . T he a n a ly t ic a l procedure in v o lv ed  in  so lu tio n  

of th e boundary value p r o b le m  a s so c ia te d  with the S to m m el m o d e l 

i s  a n a ly zed  in detail. An a s s e s s m e n t  is  made of th e r e la t iv e  i m 

p o r ta n ce  of the various te r m s  in  S tom m el's equations of m o tio n , 

and o f the dependence o f th e to ta l quantity of c ircu la tin g  w a ter  on  

th e m o d e l's  d im en sion s. T he m eth od  of treating a n o n -s in u s o id a l  

zo n a l w ind s tr e s s  in th e S to m m e l m od el by F o u rier  s e r ie s  a n a ly s is  

i s  d e sc r ib e d , and the c o n se q u e n c e s  of a sp h erica l co o rd in a te  

a n a ly s is  of the Stom m el m o d e l a r e  d iscu ssed .

The m odel of N eum ann i s  d isc u sse d  as an e x te n s io n  of the  

e a r l ie r  w ork to include th e  d y n a m ica l effects of a v a r ia b le  depth  

lo w e r  boundary of the w in d  d r iv e n  circu lation  (the " top ograp h ic  

v o r tic ity " ) . Neumann in d ic a te d  how topographic e ffe c ts  m ig h t  

m o d ify  the planetary e f fe c t s  w h ich  dom inate the S to m m el m o d e l  

and su g g e ste d  that th e se  tw o v o r t ic it ie s  tended to b a la n ce  e a ch  

o th er  o v er  much of the w o r ld  o cea n , if the le v e l o f  no m o tio n  d e 

r iv e d  by Defant w ere tak en  a s  th e low er boundary. An a n a ly t ic  

so lu tio n , analogous to  th at o f  S to m m el, has been  found to  an id e a l i 

za tio n  of the Neumann m o d e l. T h is  solution contains a p a r a m e te r  

w h ich  e x p r e s se s  the d e g r e e  o f com pensation  of the p la n e ta ry  v o r t ic ity



by the top ograp h ic  v o r t ic ity , and s tr e a m lin e s  of the v e r t ic a lly  

in teg ra ted  m a s s  tr a n sp o r t in a rec ta n g u la r  N eum ann o cea n  a re  

ex h ib ited  for  v a lu es  o f th is  p a r a m e te r  ranging fro m  z e r o  to c o m 

p le te  co m p en sa tio n . N u m e r ic a l so lu tio n s  have b een  found for  

the fu ll N eum ann v o r t ic ity  equation  ap p lied  to s e v e r a l  r e a l i z a 

tion s of the d y n a m ica l s tr u c tu r e  of the A tlan tic  O cean to  i l lu s tr a te  

the e ffe c t  of the top ograp h ic  term .

Som e o b jec tio n s  a re  r a is e d  to  c er ta in  a sp e c ts  of N eum ann 's  

in terp re ta tio n  of the top ograp h ic  v o r t ic ity  in  a b a r o c lin ic  ocean , 

and it  is  s u g g e s te d  that the u se  of a v a r ia tio n a l tech n iq u e m ay  

p rov id e a m ea n s for  r e so lv in g  th is  d ifficu lty , in  p a r tic u la r , and  

for d e term in in g  in  g e n e r a l the unique r ea c tio n  o f an o cea n , w hich  

has s e v e r a l  d e g r e e s  o f fr e ed o m , to a g iv en  s e t  of d yn am ica l 

c o n str a in ts .

A  d is c u s s io n  of the s ig n if ic a n c e  to the c ir c u la tio n  p ro b lem  

of n atu ra l ra d io ca rb o n  m e a su r e m e n ts  in  the o cea n , b a se d  on a 

b a lan ce  b etw een  d iffu sio n , a d v ec tio n , and r a d io a c tiv e  d ecay , 

con c lu d es th e study.



1. In trodu ction

D y n a m ica l ocean ograp h y trea ts  the c ir c u la t io n  o f the oceans 

a cco rd in g  to  th e b eh a v io r  of a m echanical s y s te m  su b jec t to  the c la ss i

c a l N ew ton ian  la w s of m otion . In p a rticu la r , N ew to n 's  Second  Law is  

ap p lied . T h is  s ta te s  that in  an in ertia l fra m e  of r e fe r e n c e , the total 

t im e  d e r iv a tiv e  o f the m om en tum  of a p a r tic le  eq u a ls  th e vector  sum of 

the fo r c e s  a p p lied  to  it .  S in ce  m ass is  c o n se r v e d  for  o c e a n ic  flow (r e 

gard in g  a s  e n t ir e ly  n e g lig ib le  the lo ss  of m a s s  through su ch  p ro cesses  

as ev a p o ra tio n  and r a d io a c tiv e  decay) the a c c e le r a t io n , V , of each  

flu id  e le m e n t (w hich  co n ta in s  always the sa m e  s e t  o f flu id  p a rtic les)  

m a y  be d e sc r ib e d  in  te r m s  o f the sum of the v a r io u s  fo r c e s  acting on 

th at e le m e n t. T h is con cep t m ay be e x p r e s s e d  in  equation  (1. 1).

i= l

w h ere  is  the v e lo c ity  v ec to r  of a flu id  e le m e n t o f m a s s  m , 

r e la t iv e  to an in e r t ia l  fr a m e , and F  ̂ is  the i m e m b er  o f a se t  of 

n fo r c e s  a p p lied  to the flu id  elem ent. The s u p e r sc r ip te d  dot denotes 

to ta l t im e  d ifferen tia tio n .

C la s s ic a l  h yd rod yn am ics stud ies a flu id  a s  a continuum .

The flu id  " e le m e n ts '1' or  trp a r t ic le s ,r r e fe r r e d  to  above a re  thus 

sy m b o lic  co n c ep tio n s . F o r  m eaning to be a s s ig n e d  to  d efin ition s of 

su ch  p r o p e r t ie s  a s  te m p er a tu r e  or den sity  at a po in t or o f a partic le  

in  su ch  a flu id , it  i s  s im p ly  n e c essa ry  for  a l l  m a c r o sc o p ic  dim ensions 

of th e s y s te m  to be v e r y  m u ch larger than the m ea n  fr e e  path of the 

flu id  m o le c u le s ,  and for  the m a croscop ic  g r a d ie n ts  of th e s e  properties
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to be su ff ic ie n t ly  sm a ll for changes w ithin the d is ta n c e  o f  a m o le c u la r  

m ea n  fr e e  path  to  be entirely  n eg lig ib le . T h e " V elocity"  a t s o m e  

poin t in  th is  continuous flu id is  to  be in te r p r e te d  a s  a  s tr e a m  v e lo c i ty  

w h ich , in the m o lecu lar  domain, is  the m a s s  a v e r a g e  m o le c u la r  

v e lo c ity  ev a lu a ted  at that point.

T he ab so lu te  acce lera tio n  on the le f t  hand s id e  o f  eq u ation  

(1 .1 )  i s  m o s t  u se fu lly  ex p ressed  in term s of th e  c o r r e sp o n d in g  a c 

c e le r a t io n  r e la t iv e  to the earth's su rfa ce . T he tr a n s fo r m a tio n  

d e s c r ib e d  in  any tr e a tise  on geop h ysica l h y d ro d y n a m ics  (for  e x a m p le ,  

s e e  H a ltin er  and M artin, 1957, p. 159; G o ld ste in , 1959, p . 135) 

in tro d u ces  the e ffec t of the rotating coo rd in a te  s y s te m  in  th e  fo r m  of 

the w e ll-k n o w n  C o rio lis  and cen tr ip eta l a c c e le r a t io n s .  T he fu ll  e x 

p a n sio n  of the le f t  hand side of equation (1 .1 )  a fte r  tr a n s fo r m a tio n  to  

a u n ifo rm ly  rotatin g  fram e of r e feren ce , a p p ea rs  in eq u ation  (1. 2).

^  + V - V V + 2 (£2,V )  + (nf (£2,R’))=  - i - V p - V $ +  F  ( 1 . 2 )

In the le ft  hand side of equation (1.2), V i s  th e  v e lo c i ty  v e c to r  

m e a su r e d  r e la t iv e  to the earth's su rface. The n o ta tio n  V V  is  to  be  

in te r p r e te d  as  the vector sum  of the gra d ien ts  o f the s c a la r  c o m p o n 

en ts o f the v e c to r  V. The fir s t two term s r e p r e s e n t  th e lo c a l  and a d -  

v e c t iv e  com pon en ts of the total tim e (t) ra te  ch an ge of th is  v e lo c i ty  

v e c to r , th at is  to  say , the total a c ce le ra t io n  of th e  flu id  e le m e n t  r e l a 

t iv e  to the e a r th 's  surface. The C o rio lis  and c e n tr ip e ta l a c c e le r a t io n s  

c o m p le te  th e le f t  hand sid e , £2 is  the angu lar v e lo c ity  o f  r o ta tio n , and  

R is  the ra d iu s of the earth. The notation  (, ) r e p r e s e n ts  th e  Aulter 

(" c r o ss" )  p rod u ct of two v ectors. The r igh t hand s id e  co n ta in s  a l i s t
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of the im p ortant r ea l fo r c e s  (per unit m a ss )  that a re  ex p ected  to a c t  

on the flu id  e lem en t. The f ir s t  te r m  r e p r e se n ts  the fo r c e  due to the  

grad ien t of p r e s s u r e , p, in the flu id , and p is  the d en sity  of the flu id  

e lem en t. The c en tr a l te r m  d e sc r ib e s  an ex tern a l c o n ser v a tiv e  fo rce  

fie ld  w h ose  p o ten tia l i s  $ .  The la s t  te r m  accou n ts for the n on -  

c o n ser v a tiv e  fo r c e s  actin g  in the s y s te m , u su a lly  fr ic tio n a l in c h a r 

a c te r . In the p r e se n t sta te  of kn ow led ge, such fo r c e s  a re  not a m e n 

able to g e n e ra l m a th em a tica l e x p r e ss io n . A ttem p ts to c r e a te  such  

e x p r e ss io n s  a re  r e sp o n s ib le  for m uch of the m a th em a tica l com p lex ity  

of the p ro b lem  of the o cea n ic  c ircu la tio n . The e s s e n c e  of the a p p li

cation  of equation  (1 .2 )  to th is  p ro b lem  l ie s  in  a p r o c e s s  of a p p ro x i

m ation  to a s ta te  of m a th em a tica l tr a c ta b ility  w ithout too g rea t a 

departure fro m  adequate r ep resen ta tio n  of the p h y sic s  of the rea l 

ocean .

A s unknowns to be eva lu ated , the u su a l geohydrodynam ic  

p rob lem  l i s t s  four q u an tities co m p r is in g  the p r e s s u r e , p, w ith  the 

th ree  sc a la r  com pon en ts of the v ecto r  v e lo c ity , V. Equation (1.2) 

y ie ld s  th ree  com ponent sc a la r  eq u ation s. F or a s e t  of equations s u f 

fic ien t to so lv e  the above p ro b lem , at le a s t  in p r in c ip le , a further  

re la tio n , independent of (1.2) , is  req u ired . T his add itional in fo r 

m ation  is  c u s to m a r ily  taken fro m  a budget of the m a ss  flu x  p a ss in g  

through an e lem en ta l vo lum e in the flu id , keep ing in m ind the req u ir e 

m ents of m a ss  co n serv a tio n . T h is r e la tio n  is  u su a lly  c a lle d  the 

"equation of continuity ."  If the flux of m a ss  out of the volum e d er iv ed  

from  d iffu siv e  p r o c e s s e s ,  the nature o f w hich  n eed  not be sp e c if ie d  

at the m om en t, be r ep re sen ted  by A  the equation  of continuity  m ay
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be w ritten

p + pV- V + JB^O (1. 3)

In this eq u ation  the quantity V s tr ic t ly  r e p r e s e n ts  the su m  

of the fluid s trea m  v e lo c i ty  and the d iffusion  v e lo c i t ie s  o f  th e v a r io u s  

p ro p erties  defining th e  f ie ld  of oceanic d en sity .

In the s im u lta n eo u s  solution of equations (1 . 2) and (1. 3) 

p rim e in terest l i e s  n o r m a lly  within the v e lo c ity  f ie ld . The f ir s t  s tep  in  

the an a lysis  is  thus u su a lly  to  elim in ate the p r e s s u r e  g r a d ie n t te r m  

fro m  the equation of m o tio n  (1.2). This m ay c o n v e n ie n tly  be a c co m p lish e d  

by taking the curl of e a ch  te r m  in th is equation  s in c e  the cu r l of the  

gradient of any s c a la r  f ie ld  van ishes id en tica lly . T h e r e su lt in g  equation  

d e scr ib e s  the cu rl of th e  v e lo c ity  fie ld  and is  c a lle d  th e  " v o rtic ity "  equation for 

the problem .

The d is c u s s io n  fo llow ing w ill be c e n te r e d  about a c r i t ic a l  r e 

v iew  of contributions by H. U. Sverdrup, by H. S to m m el, and by G.

Neum ann. T hese s tu d ie s  develop  a th eory  of v e r t ic a l ly  in te g r a te d  

m a ss  transports in  th e w in d -d r iv en  ocean c ir c u la tio n , u sin g  a p r o 

g r e s s iv e  evolution of th e lin e a r iz e d  v o r tic ity  equation .

As far a s  p o s s ib le ,  a con sisten t s y m b o lis m  i s  e m p lo y ed  in  

the m athem atical e x p r e s s io n  of this study. A  sy m b o l w ill  be d e sc r ib e d  

in  fu ll following th e eq u ation  in which it is  f ir s t  in tro d u ced , and w ill  

th erea fter  be u sed  w ith out further explanation . A su m m a r y  o f th is  

sy m b o lism  appears fo r  r e fe r e n c e  in Appendix I.

The sy m b o ls  x , y , and z used  throughout th is  w ork  w ill  

r efer  to a right handed s e t  of orthogonal c o o rd in a te s  in  w h ich :
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(a) the x -a x is  is  p o s it iv e ly  d irec ted  tow ard s the e a st ,

(b) the y -a x is  is  p o s it iv e ly  d irec ted  tow ard s the north,

(c) the z -a x is  is  p o s it iv e ly  d irec ted  upw ards.

The h o r izo n ta l co o rd in a tes  x  and y w ill  at t im e s  r e fer  to a r e c t ilin e a r

C a rtes ia n  sy s te m  and at o th er t im e s  to a cu rv ilin ea r  sp h e r ica l sy s te m .

2. B a lan ce b etw een  an em ograp h ic  and p lan etary  v o r t ic it ie s

2 .1 . The Sverdrup m od el

Sverdrup (1947) stu d ied  w in d -d r iv en  cu rren ts  in a b a r o -  

c lin ic  ocean  w ith  a p p lica tion  to  the eq u atoria l cu rren ts  of the e a ste r n  

P a c if ic . The fo llow in g  s im p lif ic a tio n s  o f equation (1.2) w ere  m ade;

(a) S tation ary  con d ition s w ere  a ssu m ed  so  that

(b) F low  w as co n s id e re d  to be co m p le te ly  u n a cce lera ted  w ith  

r e sp e c t  to the ea rth , so  that

y .  VV s  0 (2. 2)

C are m u st thus be taken to apply the r e su lts  of th is  a n a ly s is  

n eith er  to n o n -s tea d y  sta te  con d ition s nor to any s itu a tion  in  w hich  the  

v e lo c ity  and v e lo c ity  grad ien t v e c to r s  w ould have s ig n ifica n t p a r a lle l  

com p on en ts. It shou ld  not be o v er lo o k ed  that u se  of such  an u n 

a c c e le r a te d  equation of m otion  does not guarantee a so lu tion  in w hich  

the sc a la r  p rod u cts r ep re sen ted  by (2 .2) a re  n e g lig ib le . T h is  point 

is  ex am in ed  in m o re  d eta il in se c tio n  3.

(c) The C o r io lis  te r m  in  equation  (1 .2) m ay be expanded as  

show n in equation  (2 .3 ).
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2(£2, V ) = i [2 y flsin 0  - 2w ficos0 ] + j (2ufi_sin^) + k(2uftcos^>) (2.3)

In th is  equation ( i ,  j , k )  a r e , r e s p e c t iv e ly , the unit v ecto rs  

in  th e (x , y , z) d irec tio n s , (u, v, w) a r e  the com pon en ts of the v e lo c ity  

v e c to r , V, in  th o se  d irections, and <j> i s  th e geograp h ic  latitude. In 

h is  a n a ly s is ,  Sverd ru p  used only the te r m s  u n d erlin ed  in (2.3). T h is  

r e q u ir e s  that the com ponent (w c o s <j>) be v e r y  s m a ll  com pared with 

(v s in ^ ) , and that th e  term  (2fiucos0) be n e g lig ib le  com pared with the  

g r a v ita tio n a l a c ce le ra tio n . T h e se  req u ir em en ts  a re  adequately m et  

in m any o c ea n ic  situ ation s.

(d) T he ex tern a lly  ap p lied  fo r c e s  a r e  a ssu m ed  to be so le ly  

g r a v ita tio n a l. T he potential gra d ien t is  thus v e r t ic a lly  directed and, 

in  the r e la t iv e ly  th in  layer of the e a r th 's  c r u s t  occu p ied  by the o cea n s, 

m ay be r eg a r d e d  as  constant. S in ce  the va lu e  of th is  constant depends 

on ly  on p o s it io n , it is  custom ary to  in c lu d e  the cen tr ip eta l term  in its  

e x p r e s s io n  and to w r ite

V $ +  ( « , ( « ;  R ) )  = - 7  (2.4)

(e) T he fr ic tio n a l term  is  e x p r e s s e d  as  the v ertica l shear 

of th e h o r iz o n ta l eddy s tress  v ec to r

w h ere  t i s  the eddy s tr e s s  e x e r te d  on h o r iz o n ta l su rfa ces  because  

of tu rb u len t ex ch a n g e , in the v e r t ic a l ,  o f h o r izo n ta l momentum. 

T h ere  m u st thus be no sign ifican t m om en tu m  exch ange horizontally  

so  far  a s the p r e se n t  an a lysis  i s  c o n cern ed . It should  be noted that 

S verd ru p , in  h is  treatm en t, in tro d u ced  a m o re  com p lex  exp ression
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for the fr ic tio n a l force which involved  s e tt in g  the s t r e s s  v e c to r  p r o 

p ortion a l to the vertical shear of the v e lo c ity  v e c to r . H o w ev er , th is  

r e so lu t io n  o f the s tr e ss  was la ter  lo s t  in  the m an ipu la tion  and the  

eq u iva len t ex p ressio n  (2.5) seem s p r e fe r a b le  in  the in t e r e s t s  of 

s im p lic ity .

T he equations of horizontal m otion , thus m o d ified , m ay  be 

e x p r e s s e d  in  C artesian component form  a s  eq u ation s (2 .6 ) and (2 .7 ).

i n  i
. £v  = . i . | E + i _ - i  (2 .6 )p 3x p 9z

i n  i
+ f u = - I | E + I _ £  ( 2 .7 )

p 9y p 9z

A part from  the form of the C o r io lis  p a r a m e te r , f = 2 f is in $ , 

the sp h e r ica l shape of the earth w as n e g le c te d  in  Sverdrup*s a n a ly s is ;  

the e ffe c ts  of sphericity  are exam ined in  a la te r  se c t io n  h e r e .

It m ay be shown that the h o r izo n ta lly  d ir e c te d  p r e s s u r e  gra d ien t  

fo r c e  i s  constant with depth in a h om ogen eou s (p = con stan t) ocean . In 

the r e a l ocean , however, baroclin ic  co n d ition s p r e v a il and the p r e s s u r e  

grad ien t fo rce  becom es a function of depth. E x cep t, p erh a p s , at high

la titu d e s , the p ressu re  gradient fo rce  v e r y  l ik e ly  v a n ish e s  at so m e

d ista n ce  above the physical ocean bottom , due to  g e o stro p h ic  co n tro l  

on the m a ss  distribution. With due r eg a rd  to  th e n atu re  o f fr ic t io n a l  

fo r c e s  in th is region (see  section  4) th is  p r o c e s s  m a y  d efin e  a le v e l  of 

no m otion  for steady state flow co rresp o n d in g  to  a p r e s s u r e  g ra d ien t  

s e t  up varia tion s of surface sea  le v e l (for ex a m p le , s e e  N eum ann,

1955, p. 18). To include these b a r o c lin ic  e ffe c ts  in so m e  m e a s u r e ,  

the equations of m otion (2.6), (2.7) w e re  in te g r a te d  v e r t ic a lly  b etw een
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th e su r fa c e  at z = C(x, y) and so m e  le v e l  su r fa c e , z = d w hich  is  e v e r y 

w h ere  d eep er  than the depth of no m otion . T he eq u ation s, thus in t e 

g ra ted , b eco m e  eq u ations (2 .8 ) and (2 .9 ).

-  fV  =  -  ~  +  ( r  ) ,  -  ( t  ) (2 .8 )ox ' x  t, ' x  d

+ f U = - ~  + ( t  ) - ( t  ) (2 .9)8y ' y '£  y 'd

£
w h ere s  /  p dz (2 .10)

r e p r e s e n ts  the x  and y com p on en ts of the in teg ra ted  m a s s  tr a n sp o r t, 

T , of c u r r e n ts , and

| ^ = ^ | | - d z , ^  = x o r y  (2 .11)
d

£ o -p

= P d Z  " s f  + P d j l  ( 2 ‘ 12)
d

t
P  = ^  p dz + (an a r b itr a r y  fu n ction  o f z) (2 .13 )

d

or

the in d ica ted  fa c to r s  in  (2 .12 ) van ish in g  by h y p o th e s is . Sverdrup  then  

id en tified  the s t r e s s  com p on en ts ev a lu a ted  at z = (  w ith  th e co m p o n 

en ts o f the s t r e s s  of the w ind a ctin g  on the s e a  su r fa c e  (w hich  sh a ll  

h en cefo rth  be w r itten  s im p ly  a s  (t^, t ) and a ssu m e d  that the s t r e s s  

com p on en ts v a n ish ed  at z = d. The eq u ation s of h o r izo n ta l m otion  

a r e  thus red u ced  to  (2 .14) and (2 .1 5 ).
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H  = f V  + T*  (2.14)

l f  = - £ U + T y (2.15)

T h e se  eq u ation s rela te  the m a ss  tr a n sp o r t to th e m a ss  d is 

tribution. In h o m o g en eo u s w ater, and w ith  no p r e s s u r e  t e r m s , they

describe the p u re  (E km an) in tegrated  w ind  d r ift  tr a n sp o r t.

F or s ta t io n a r y  0^ and n o n -d if fu s iv e  = 0) conditions,

the continuity eq u ation  (1 .3 ) m ay be w r itten

V- (p V) = 0 (2.16)

This equation m u st be in tegrated  v e r t ic a lly .

I

IV - ( p V ) d z  = (pu)& { j i +  - ( p v ) t  | i  + (pw)4 = 0 (2 .17 )

d

sin ce  £ = £ (x , y) ; s e e  equation (4.2).

If th e  s e a  su r fa c e  is  in a s ta tio n a ry  co n d itio n , so  th at

p i  aF - 0 ■ {pw)£ ‘ tpu>t v z  ~  ( p v h  8 7

then the in teg r a te d  contin u ity  equation b e c o m e s

T his tr e a tm e n t (used, for ex a m p le , b y  N eum ann , 1955, p. 12) 

renders u n n e c e s sa r y  Sverdrup's se r io u s  r e s t r ic t io n  of z e r o  v e r t ica l  

velocity  at th e  s e a  su r fa c e .

F o r m a tio n  o f the vortic ity  equation  i s  a c c o m p lis h e d  by d if fe r 

entiation, f i r s t  o f  eq u ation  (2.14) p a r tia lly  w ith  r e s p e c t  to  y , then of 

(2.15) with r e s p e c t  to x , subtraction  of the r e s u lt in g  eq u a tio n s , and



10

fin a lly , e lim in a tio n  of ap p rop ria te  te r m s  w ith equation (2 .1 8 ). The 

r e su lt  i s  e x p r e s s e d  in  equation  (2 .19).

a , 3 t 8 t

v  5 7  = " d r  " " 5 7  = c u r l z T (2>19)

T h is equation  e x p r e s s e s  a s ta te  of b a lan ce b etw een  two v o r -  

t ic i t ie s .  The te r m  on the le f t  hand s id e  co m es fro m  the ro ta tion a l p r o 

p e r tie s  of the earth , and has b een  c a lle d  the "planetary v o r tic ity ."  On 

the right hand s id e  ap p ears the cu r l o f the w ind s t r e s s  fie ld ; th is  has been  

c a lled  the "anem ographic v o r tic ity ."  T h e se  te r m s  a re  due to V. W.

Ekm an (1923).

The v o r t ic ity  equation  (2 .19) d e term in es  the m er id io n a lly  d i 

r ec ted  tra n sp o rt w ithout fu rther  ca lcu la tion :

R Wlr 8 t v 

V = 2S2cos<j> ( “S x - " T y ] )  ( 2 . 2 0 )

The o m is s io n  of a n eg a tiv e  s ig n  in  the cen tra l te r m  of 

S verd ru p 's equation  14 should  be noted  at th is  point.

The p h y sic a l s ig n if ic a n c e  of the v o r tic ity  equation (2 .19) has 

been  d em o n stra ted  by S tom m el (I9 6 0 , pp. 155, 156) in  an in ter e st in g  

fash ion . The equations of m otion  (2 .14) and (2 .15) m ay b e  w ritten :

v  = - T + r H  = V G *  ( 2 ’21)

u = * T ^ - r § f , = E * +G*  (2-22)

Thus the v e r t ic a lly  in teg ra ted  m a ss  tra n sp o rt v e c to r , T, 

m ay be thought of in te r m s  of the sum  of two v ec to r  com p on en ts, E 

and G, w h ere
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E = + J -T  X ~ k  (2 .23)

and G  -  -  f V R P  X IT (2 .24)

w h ere  the d iffe re n tia l operator Vpj co n ta in s  on ly  horizontal d e r iv a tiv e s .

F o rm a tio n  of v o r tic ity  eq u ation s fro m  (2.23) and (2.24) y ie ld s  

eq u ation s (2 .25 ) and (2.26).

V -E = ^ -c u r l  T -E y | | -  (2 .25)

V - G = - G y § l  (2 .26)

The su m  of the r ight hand s id e s  o f th e se  equations b eco m es  

an e x p r e s s io n  o f Sverdrup's v o r t ic ity  equation  if  the sum of the d iv e r 

g e n c e s  on th e  le f t  hand s id es  v a n is h e s , to sa t is fy  the integrated c o n tin 

u ity  equation  (2.18). Stom m el n o ted  that equations (2.23) and (2 .24) w e r e ,  

r e s p e c t iv e ly ,  id en tica l with e x p r e s s io n s  for  the integrated tra n sp o rts  

of the s im p le  E km an (sp ira l) w ind  d r ift (E km an, 1905, p. 9) and for  

th e v e r t ic a l  in teg ra ted  g eo stro p h ic  tr a n sp o r t . It w as thus su g g ested  

th at the S verd ru p  m odel d e sc r ib e d  that p a r ticu la r  transport pattern  

w h o se  g e o stro p h ic  d ivergen ce (2 .2 6 ) co m p en sa ted  exactly for the in te 

g ra ted  d iv e r g e n c e  induced in  th e E km an fr ic t io n a l boundary la y er  

(2 .2 5 ) by the rotation al wind f ie ld . T h is  in terp reta tion  may req u ire  

m o d ifica tio n  w hen boundary co n d itio n s a r e  co n sid ered  later (s e e  th e  

In trodu ction  to S ection  3).

S verdru p  continued h is  a n a ly s is  by substitution of the m e r i 

d ion a l tr a n sp o r t  equation (2 .20) in to  the continu ity  equation (2 .18) to  

obta in  an e x p r e s s io n  d escr ib in g  th e zo n a l tra n sp o rt component (2 .2 7 ).



If the zonal variation of the w ind s t r e s s  is  sp e c if ie d , eq u ation  

(2 .27) m ay be integrated to define the zon a l tr a n sp o r t. Sverdru p  c h o se  

to c o n s id e r  a zonally d irected  wind s t r e s s  f ie ld , w h ich  w as in v a r ia n t  

in the x -d irec tio n , claim ing this to r e p r e s e n t  a good  a p p ro x im a tio n  to  

cond ition s obtaining in the e a stern  eq u a to r ia l P a c if ic  O cean , w h ere  

a p p lica tio n  of the th eoretica l a n a ly s is  w as m ad e. In th is  c a s e  in t e 

g ra tio n  of equation (2.27) y ie ld s:

u = + R) (2-28)
w h ere  it has been assum ed that U = 0 at x  = 0. T h is boundary c o n 

d ition  w ould perm it either p lacing a r ig id  v e r t ic a l  w a ll (c o a s t)  at 

x  = 0, or having flow and counterflow  in  su ch  p ro p o rtio n  at x  = 0 that 

no net transport resu lts through any g iv en  v e r t ic a l  co lu m n  (A rth u r,

I960 , p. 294). Note the m isp rin t in the la s t  l in e  of p. 322 of S v erd ru p 's  

paper: for read M^, corresp on d in g  to  U in  the p r e se n t  tr e a tm e n t. 

E quation (2.28) contains no p ro v is io n  for  a d ju stm en t of the so lu tio n  to  

g ive  no net zonal transport a c r o s s  a  w e s te r n  boundary w a ll, sa y ,

= 0 at x = L. This is  b ecau se  n e g le c t  of both la te r a l  s t r e s s  and  

in e r tia l te r m s has derived a f ir s t  o rd er  d if fe r e n t ia l eq u ation  of m o tio n  

w hich  adm its the application of on ly  one boundary con d ition . The 

m od el can thus not be applied to an o cea n  bounded by tw o m e r id io n a l  

c o a s t s .  It is custom ary in stu d ies of the d y n a m ics  of v e r t ic a l ly  in t e 

gra ted  circu lation  m odels, f ir s t  to id en tify  the s t r e s s  at the o c ea n  s u r 

fa ce  w ith  the s tress  exerted  by the w ind on th at s u r fa c e , and th en  to
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p r o c ee d  w ith  the in teg ra tio n  of th e eq u ations of m otion , atten ding to  

the ap p rop ria te  boundary va lu e  p ro b lem , in d ep en d en tly  o f th is  s t r e s s  

sp e c if ic a t io n , a s  w as done in  the Sverdrup  a n a ly s is , ab ove. H ow ever, 

E. S. M. H a ssa n  (p e r s . com m . ) has p o in ted  out a danger o f o v e r -  

sp e c if ic a t io n  of the p ro b lem  in  th is  p r o c e s s .  Settin g  the va lu e  of the  

s t r e s s  ac tin g  in any su r fa c e  is  eq u iv a len t to  a cond ition  im p o se d  on 

the v e r t ic a l  v e lo c ity  grad ien t ev a lu a ted  at that su r fa c e , or on the  

m om en tum  exch an ge c o e ff ic ie n t , A , or  on both, through the r e la tio n

C are m u st be taken , then , to  a v o id  in c o n s is te n c y  in boundary  

con d ition s a t la te r a l b o u n d a r ies . In the Sverdrup a n a ly s is , ab ove, for 

in s ta n ce , se tt in g  U = 0 at a r ig id  m e r id io n a l boundary im p lie s  the  

s tr o n g e r  con d ition  u = 0 for a l l  z in  the u n in tegra ted  s itu a tio n , and  

h en ce , that 9 u /8 z  sh ou ld  a ls o  v a n ish  for  a l l  z. T h is r eq u irem en t is  

in co m p a tib le , in  te r m s  of equation  (2 .29 ) w ith  the adoption  of an a r b i

tr a r y  va lu e  o f the w ind s t r e s s  com pon ent, t  , at the boundary.

tra n sp o r t f ie ld  by equation  (2 .18) p e r m its  a su c c in c t  d e scr ip t io n  of 

S verd ru p 's  so lu tio n  in  te r m s  of a s tr e a m  fu n ction , '4r, d efin ed  by 

equation s (2 .30 ) and (2 .31 ).

The p ro p erty  of n o n -d iv e r g e n c e  im p o se d  on the in teg ra ted

(2 .30)

(2 .31)

Rx  
2f2 co s  <f>c u r l t > z (2 .32)



E q u ation  (2.32) is  the g e n e ra l  e x p r e s s io n  fo r  the s tream

function c o rr e sp o n d in g  to a Sverdrup o c ea n  bounded  by an eastern

m erid ion a l c o a s t a l  w all. With the s im p l i f ic a t io n  of the wind s tr e s s

field adopted  for  the derivation of equation  (2 .2 8 ) ,  th is  e x p r ess io n

reduces to

2S2 cos^ By (2.33)

F r o m  equations (2.14), (2 .15), and (2 .3 3 ) ,  the corresponding  

in tegrated  p r e s s u r e  function, P ,  i s  d e te r m in e d  to  be

where both s t r e a m  and p ressu re  functions have  b e e n  c h o se n  to vanish  

at x = 0, w ith out l o s s  of generality .

2 .2 . P r o p e r t i e s  of the Sverdrup so lu t io n

co n s id era t io n  of c ircu lation  in a u n ifo r m ly  ro ta tin g  o c ea n  (including the 

non-rotating  c a s e )  over  which the C o r io l is  p a r a m e t e r ,  f, i s  constant. 

E sse n t ia l ly ,  th is  r es tr ic t io n  s te m s  fr o m  the s im p l i f i e d  ex p r ess io n  for 

fr iction  u s e d  in  the original equations of m o t io n .  F o r  un iform  rota 

tion, equation  (2 .26) shows that th er e  w i l l  be  no g e o s tr o p h ic  d iv e r 

gence, and h e n c e ,  to sa tis fy  continuity, on ly  an ir r o ta t io n a l  fie ld  of 

applied w in d  s t r e s s ,  leading to no net c ir c u la t io n  o f  w a ter  through any 

v ert ica l  v o lu m n  (not n e c e s s a r i ly  no flow  th ro u g h  a l l  poin ts  in that column) 

will enable  S v erd ru p 's  vortic ity  equation (2 .1 9 )  to  be  sa t is f ie d .

of the w ind s t r e s s ,  and not on the m agnitude and  d ir e c t io n  of the s tr es s

(2.34)

It w i l l  be noted that the Sverd ru p  s o lu t io n  w i l l  not perm it

T he n atu re  of the solution depends on th e  p r o p e r t ie s  of the curl
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v ecto r  i t s e l f .  W estw ards fr o m  the e a s te r n  boundary of an o cean , the  

plan etary  v o r t ic ity  w il l  a lw ays  have the sa m e  s ig n  as  the lo c a l  anem o-  

graphic  v o r t ic ity ,  and a s ta te  of v o r t ic ity  ba lance  as  defined by e q u a 

tion  (2.19) is  thus p o s s ib le .  To the e a s t  of a w e s te r n  o cea n  boundary,  

h ow ever, th e s e  cu r l f ie ld s  w i l l  a lw ays  be of m u tually  op p osite  s ign ,  

and no b a s is  e x is t s  for e x p r e s s in g  v o r t ic ity  b a lan ce . A Sverdrup  

so lu tion  m u st  th e r e fo r e  a lw ays  be built up w estw a rd s  fro m  a c o a s t  

bounding an o cean  in  the e a s t ,  if  a m er id io n a l boundary is  to be  

introduced .

T h ere  e x is t s  a p a r t icu la r  pattern  of ap p lied  wind s t r e s s  which, 

although rota tion a l,  r e su lt s  in zero  zonal tra n sp o rt  ev er y w h e re .  T h is  

pattern  i s  d er iv ed  fro m  se t t in g  to z e r o  the te r m  in p a r e n th ese s  in 

equation (2.2 8)

R t^' + tan$ t 1 = 0 (2 .35)

the g e n e ra l  so lu tion  of w hich  is

t x  = K x s i n < p  +  K2 (2.36)

w h ere  K j , a r e  constants  of in tegration . The co rresp o n d in g  m e r i 

dional tra n sp o r t  i s  constant,

V = - K ^ Z Q  (2 .37)

north -go in g  i f  < 0, sou th -go in g  i f  > 0.

T he m e r id io n a l  tra n sp o r t  w il l  fo llow  the d irect io n  of in c r e a s  - 

ing wind s t r e s s ,  w h ile  the behavior  of the zonal com ponent depends on 

the r e la t iv e  m agnitudes and s ig n s  of both gradient and curvature  in  

the f ie ld  of app lied  s t r e s s .

The p r o p e r t ie s  of the Sverdrup so lu tion  with r e s p e c t  to one
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fo r m  of variation in  the a p p lied  w ind s tr e s s  curl are i l lu s t r a t e d  in  

f ig u r e  2.1. S tre a m lin es  o f the v e r t ic a l ly  integrated m a s s  tran sp ort  

a r e  shown, gen erated  by  a zona l w ind s tr e s s  d escr ib ed  by  equation  

(2 .38):

t x  = F  ^  (2.38)

w h e r e  F  and r| a re  c o n s ta n ts ,  and <j> is  the latitude e x p r e s s e d  in  

rad ian s . With th is  w ind s t r e s s  pattern , equation (2.33) for the s trea m  

fu nction  is  tra n s fo r m e d  to equation  (2.39).

< 2 - 3 9 >

The s trea m  fu nction  p lo tted  in  figure 2.1 is the con ven ien t non- 

dim en sion a l quantity, (2£2\Er/F R ) .  Ordinates rep resen t d e g r e e s  of 

la t itu d e , and a b s c i s s a e  a r e  v a lu e s  of the ratio (x/R). V ar ia tion  of 

the param eter  T| in  equation  (2 .38) s u c c e s s iv e ly  over  the values  

1, 1 /2 ,  and 1/4 y ie ld e d  the com p on en ts  (a), (b), and (c), r e s p e c t iv e ly ,  

of f ig u re  2.1. In f ig u re  2.1(a), the zonally  directed s t r e s s  is  p r o p o r 

t io n a l  to the latitude so  that th e  s t r e s s  curl is  ev ery w h ere  constant.

In th is  case , the s t r e a m l in e s  b e c o m e  concave toward the c o a s t ,  with  

the zon a lly -d irected  tr a n sp o r t  com ponent vanishing at the equator.

T h is  behavior is  due, e s s e n t ia l l y ,  to the presence of the c o s in e  term  

in equation (2.39), that i s ,  to  th e  v ar iab ility  of the C o r io l is  p a ra m eter  

along  the m eridian. T h e  a p p lica t io n  of an anem ographic cu r l e v er y 

w h e r e  just su ff ic ien t  to  co u n ter a c t  th is  planetary in f lu en ce  (equation  

(2 .36) ), will s tra ig h ten  th e s e  s t r e a m l in e s  to lie p a r a l le l  w ith  the coast

l in e  ( s e e  figure 2 .2 ) .  An in c r e a s e  in  the magnitude of the anem ograph

ic  influence beyond th is  po in t r e s u l t s  in a change of cu rvatu re  of the
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F i g u r e  2.1 S t r e a m l i n e s  of t he  v e r t i c a l l y  i n t e g r a t e d  m a s s  t r a n s p o r t  i n  a  S v e r d r u p  o c e a n  s u b j e c t

t o z o n a l l y - d i r e c t e d  w i n d  s t r e s s  p r o p o r t i o n a l  (a)  t o  t h e  l a t i t u d e  (b)  t o  t h e  s q u a r e  r o o t  
of the  l a t i tu de  (c) to t h e  f o u r t h  r o o t  o f  t h e  l a t i t u d e .  O r d i n a t e s  a r e  i n  d e g r e e s  o f  
l a t i t u d e ,  a b s c i s s a e  r e p r e s e n t  l o n g i t u d e s  w e s t w a r d s  f r o m  a  m e r i d i o n a l l y  o r i e n t e d  
c o a s t  a n d  s t r e a m l i n e s  m a p  t h e  n o n - d i m e n s i o n a l  f u n c t i o n  2 f l l ' / F R  a s  d e f i n e d  in  
e q u a t i o n  (2.39) .
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tr a n sp o r t  s t r e a m l in e s .  T his  p r o g r e s s iv e  dom ination  of the wind s t r e s s  

cu r l o v er  the p la n eta ry  v o r t ic i ty  m a y  be  s e e n  in  lo w er  latitudes of 

f ig u r e s  2.1(b) and (c) as  the  in c r e a s in g  an em ograp h ic  v o r t ic ity  in equa

to r ia l  r eg io n s  "pulls" s t r e a m l in e s  in tow ard s  the c o a s t .

E x a m p le s  o f c irc u la t io n  p a ttern s  in  a Sverdrup ocean , resulting  

fr o m  the ap p lica tio n  of zonal w ind s t r e s s  p a ttern s  w hich  vary  sinu

s o id a lly  in the m e r id io n a l  d irec t io n , appear in the l i t e r a tu r e .  Reid 

(1948, f ig u re s  13 and 14) has a p p ro x im a ted  the c ir c u la t io n  of the 

n o r th e a s te r n  eq u ator ia l P a c i f i c  reg io n , w h ile  S to m m el (1957, figure 5) 

and Defant (1962, f igu re  265) have sk e tch ed  the tra n sp o r t  stream lines  

in an id e a l iz e d  Sverdrup ocean  responding  to such  a s t r e s s  distribu

tion. Inasm uch  as a lm o s t  any z o n a l ly -d ir e c te d  w ind s t r e s s  pattern 

m ay be r e p r e s e n te d  by a F o u r ie r  s in e  exp an sion , i t  i s  of in terest to 

ex a m in e  the nature of the r e s p o n s e  of the Sverdrup m o d e l to a general

iz e d  d r iv in g  s t r e s s  having the fo r m  of equation (2.40).

Tx  = F  sin(n0 + <j>Q )  (2.40)

w h ere  F  i s  aga in  a constant, h e r e  r ep r e se n t in g  the m axim u m  value of 

the s t r e s s ,  <pQ  i s  another con stan t, se t t in g  the p h a se  of the sinusoidal 

v a r ia t io n  w ith  r e s p e c t  to the equator, and n i s  an in te g e r  which sp ec i

f ie s  the num ber of c y c le s  of th is  d r iv in g  function o ccu rr in g  in any given  

range of la titu d e . F o r  su ch  a s t r e s s  d is tr ib u tion , the transport s trea m  

function and a s s o c ia t e d  in teg r a te d  p r e s s u r e  function a r e  described, 

r e s p e c t iv e ly ,  by equations (2 .41) and (2 .42).



P  = Fx[sin(n0 + >̂q) -  n ta n 0  co s (n <f> + <t>Q ) ]  (2.42)

F o r  <j>Q  = 0, values of the q u an tit ies  (2n®r/n F R )  and (P /F R ) are  

ta b u la ted  in Appendix II o v er  a r a n g e  o f  la t i tu d e , < p , from 0° through 

85° at in ter v a ls  of 5°; over  a ra n g e  o f  "longitude", (x/R), from  0 

th rou gh  1 at intervals of 0 .05 ;  and for v a lu e s  of the param eter (n) 

f r o m  1 through 10. T h e se  ta b le s  w i l l  fa c i l i ta te  the construction of 

a S v erd ru p  solution for a g e n e r a l  s t r e s s  fu n ction  which has been r e 

s o lv e d  into its  Fourier  s in e  c o m p o n en ts .  To i l lu s tra te  the present  

d is c u s s io n ,  the transport and p r e s s u r e  function  patterns for values  

of n = 1 and 6 have been p lo t ted  in  d e ta i l  in  f ig u re s  2.2 afrd 2.3.

F o r  n = 1, the situation d e s c r ib e d  by eq u ation  (2.36) is  reproduced.

In th is  s itu ation  the C o r io lis  t e r m  in  the v e r t i c a l ly  integrated equation 

of m o t io n  exact ly  balances the a p p lied  w ind s t r e s s ,  and the integrated  

p r e s s u r e  function is  thus e v e r y w h e r e  co n s ta n t  (z e ro ,  in term s  of the 

fo r m u la t io n  of equation (2 .42)).

F o r  positive  in teg ra l  v a lu e s  of n > 1, the ch a ra cter is t ic s  of 

eq u a tio n s  (2 .41) and (2.42) a r e  ty p i f ie d  in f ig u re  2.3 with n = 6. The 

c ir c u la t io n  pattern is  broken  up in to  g y r e s  bounded by those latitudes  

w h e r e  the wind s tr e s s  cu r l,  and th e r e fo r e  by equation (2.20), the m e r i

d ion a l tra n sp o rt  component, v a n is h e s .  E x c e p t  in the vicinity of the 

eq u a to r ,  th e se  c ircu lation  c e l l s  a r e  a s s o c ia t e d  with rather s im ilar ly  

sh a p ed  "highs" and "lows" in  th e  v e r t i c a l l y  in tegra ted  pressu re  d i s 

tr ib u tio n , a s  m ay be seen  in f ig u r e  2 .4 .  The s e n s e  of the circulation  

arou n d  th e s e  p ressu re  fe a tu re s  i s  e s s e n t ia l l y  that expected from  the
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g e o stro p h ic  re la t io n sh ip , - - i .  e. , c y c lo n ic  flow  around the "low" and 

a n t icy c lo n ic  flow  around the "high". E x ce p t  in the vicinity of the  

equator and n ear  the m er id io n a l  c o a s ta l  boundary, the integrated  

p r e s s u r e  d istr ib u tion  is  q u a lita t ive ly  that w hich  would be exp ected  

fr o m  c o n s id era t io n  of the d iv e r g en ce  a s s o c ia t e d  with the Ekman tr a n s 

p orts  (equation  (2 .25)). F o r  ex a m p le , in f ig u r e s  2.3 and 2.4, c o n v e r 

g en ce  of the in teg ra ted  E km an tra n sp o r t  is  ex p ected  in the v ic in ity  of 

30 °N w ith  an a s s o c ia te d  "high" in the p r e s s u r e  function, the r e v e r s e  

s itu ation  o ccu rr in g  around 6 0 °N. It should  be rem em bered , how ever,  

that the Sverdrup m od el d if fers  fundam entally  fr o m  the Ekm an m od el  

in that no p r o v is io n  e x i s t s  in the Sverdrup equations of m otion (2 .1 4 ,  

2.15) for c o n s id era t io n  of bottom  s t r e s s e s ,  or rather, the p ar ticu la r  

sp e c if ic a t io n  of van ish ing  bottom  s t r e s s  has b een  chosen, and d iv er 

g en ce  in the su r fa c e  fr ic t io n a l boundary la y e r  i s  balanced by a g e o 

s tro p h ic  d iv e r g en ce  (equation (2 .26)) ra th er  than by d ivergence in the  

bottom  fr ic t io n a l  boundary la y e r  of Ekm an. T h is  i s  why only a tr iv ia l  

so lu tion  of the Sverdrup p rob lem  is  p o s s ib le  for a uniformly rotating  

o cea n  (co m p a re  the r em a rk s  on th is  point m ade ear lier ,  fo llow ing  

equation  (2 .34)). B e c a u s e  g eo s tro p h ic  d iv e r g en ce  must a lw ays be  

p r e s e n t  in the Sverdrup m o d el,  tra n sp o r t  w il l  n ev er  becom e p u re ly  

zon a lly  d ir e c ted  (ex cep t  at la t itu d es  of van ish in g  anemographic  

v o r t ic ity )  and thus the e f fe c t  of the m e r id io n a l  boundary extends  

w e stw a r d s  w ithout l im it .  F low  is  s t r ic t ly  geostrop h ic , with s t r e a m 

l in e s  ly in g  p a r a l le l  to i s o b a r s  of the P - fu n c t io n ,  only where the a p 

p l ie d  w ind s t r e s s  v ec to r  is  p a r a l le l  to the grad ient of the s tr e a m  

function. T his  condition  w i l l  hold  only  at turning points of S b  and P.  

The la t itu d es  of th e s e  turning points  co in c id e  and by differentiation
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of equations (2 .41) and (2 .42) p a r t ia l ly  w ith  respect to y, a r e  s e e n  to  

be specif ied  by equation  (2 .43) .

tan<£ = n tan n 0  (2 .43 )

F o r  the case n = 6, the ro o ts  of th is  equation lie at <j> =  0, and, a p 

p roxim ately , 31® and 63®. The z e r o s  of the P-function a r e  c h a r 

a c te r iz e d  by equation (2 .44)

n tan $  = tann0 (2 .44)

i . e . ,  <j> = 0, and a p p ro x im a te ly ,  43° and 75° for n = 6. The s t r e a m  

function vanishes at the z e r o s  of co s  n<f>, i. e. , at <j> = 15°, 4 5 ° ,  and 7 5° ,  

for n = 6.

2.3 The S verdrup  a n a ly s is  in s p h e r ic a l  coordinates

As w as  m en t io n ed  fo llow ing  equation (2.7), the fu ll e f f e c t s

of the spheric ity  of the ea rth  r em a in  to be evaluated. To th is end , it

i s  instructive to p e r fo r m  the S verdrup  a n a ly s is  in sp h er ica l h o r iz o n ta l  

coordinates, but n e g le c t in g  c o n v e r g e n c e  of the vertica ls  in the r e l a 

t iv e ly  thin ocean ic  c ru st .  If <f> i s  aga in  the geographic latitude a n d \  

the longitude counted  p o s i t iv e  tow ard s  the e a s t  from  a zero  m e r id ia n  

at the coastal boundary, th e  v e r t ic a l ly  integrated  equations of m o t io n  

corresponding to  equations (2 .14) and (2 .15) are

1 8P
” R c o s 0  3T + TX <2 ' « >

+ f u  = - R S f  + T* <2- « >

1 9P er fo rm  the d if fere n t ia t io n  ^ co g  ̂ ^  on equation (2 .46) and  
1 9the differentiation ^  on (2 .45) and su b tract the resulting eq u a tio n s .  

T his g ives the v o r t ic i t y  equation  (2 .47).
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f /  1 8U 8 V V v 8 f . l /  1 %  8Tx \  _ _ s i n 0 _ 9 P
R \cos<j> dk  9 0 )  9y  R \^ c o s 0  9X. ~5$~) R2 COs 2 0 dX

In sp h e r ic a l  c o o rd in a te s ,  the continuity equation V • V = 0 

m ay be w ritten  as equation (2 .48).

1 9U . 9V—  + aT = V tan0 (2.48)cos0  9 \  90

T his equation in trod u ces  the e f fe c t  of the co n v erg en ce  of the 

m er id ia n s  on a s p h e r ic a l  earth . N e g le c t  of th is  e f fec t  in the p rev iou s  

rectan gu lar  coord inate  a n a ly s is  r e s u lt s  in d if f icu lt ies  of app lication  

and in terp reta tion  at the h igher  la t i tu d es .  U se of equations (2.48)  

and (2 .45) s im p l i f ie s  equation (2.47) to g ive  equation (2.49), the v o r 

t ic i ty  equation co rresp o n d in g  to  equation (2.19).

V | y  = c u r lz T f ^ t a n < P  (2 .49)

F r o m  th is  equation, the m e r id io n a l  tra n sp o rt  com ponent is  

now d e term in ed  to be

R cu r l t  + t .  ta n<f> 

v  =    ( 2 ' 5 0 )

If, fo llow ing Sverdrup, the an em ograp h ic  v o r t ic ity  is  s im p l i 

f ied  as

c u r lz ^ = K ~ W  (2,51)

the m er id io n a l tra n sp o r t  b e c o m e s

V = ( \  tan* - - g £ )  (2 .52)

D ifferen tia t io n  of equation (2 .52) p a r tia l ly  with r e s p e c t  to 0, 

su b stitu tion  for (9 U /9 0 )  fro m  equation  (2.48) and for  V fro m  (2.52)
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d e r iv es  equation  (2.53).

an 1 /  9 t \ d 3 r \ \
W \  = h i  ( j x s e c 2 < t >  + tan  ̂ w ~ " (2 *53)

Integration  of (2 .53) with resp ec t  to X., w ith  U = 0 when \. = 0 g iv e s  

the zo n a lly  d ir e c te d  component of the w in d -d r iv e n  transport as  

equation (2 .54) .

\  / 9 2  T \  9 t \  \

u = ' tan* W '  Tx sec2^) <2-54>

B e c a u s e  of equation (2.48), a s tr e a m  function, \Er, which c o n 

tains the tr a n sp o r t  com ponents U and V m a y  be defined:

u  = <2- 55’

< 2 ‘ 5 6 >

and it m a y  be ev a lu a ted  from  the relation  p r e ce e d in g  as

*  = ( iS F  - V an0  <2-57’

The a s s o c ia t e d  p r e s s u r e  function is

8 t . x
P  = R \ c o s 0  f T ^sec 2̂  - tan0 — j  (2.5 8)

For = F  s in n 0 ,  th e se  functions m ay be w r it te n

) S 0
F R \

^  = 2H co i ift COS co s^ ~ s ^ n n < t> s i n c p )  (2 .59)

P  = FRX. ^ S* £ * -nsin^i cos  nft  ̂ (2 .60)

In s p h e r ic a l  c o o r d in a te s ,  it is  ph ysica lly  ap p rop ria te  that = 0 at 

<j> = tt/2  for  a l l  n, and thus odd values of n m u st  be excluded fr o m  

co n s id e ra t io n  in the form ulae  above. Both the s tr e a m  and p r e s s u r e
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functions (2 .59) and (2 .60) r em a in  defined o v er  the w hole  in ter v a l  

0 ^ 0  for  fa c to r iz a t io n  of s in n 0  ( e . g . ,  D u re ll ,  1946, p.

224) red u ces  the ratio  ( s in n 0 /c o s 0 )  for n even , to

. j ( n - l )  r . ss in n *  . jT . s in  * - j—  -  n sm 0  n  - i -  -------- —
C O S 0  T  r - i • 2  /  

s m  ( n “)
( 2 . 6 1 )

which is  bounded at 0 -  tt/2 in  sp ite  of the p r e s e n c e  of the c o s in e  

term  in the denom inator . In c o n tra s t ,  a lthough the e x p r e s s io n  w ould  

not find ap p lica tion  at high la t i tu d e s ,  i t  m a y  be n o t iced  that the C a r 

tes ian  form  of the s t r e a m  function , equation (2 .41) with 0 q = 0, r e 

mains regu lar  at 0 = 9 0 °  for  n odd, for

i im  ( C - 2 U & . )  = a m  
.  A c o s * /  t - o

COS n ( y  - 0 

COS ( y- - 0
= n (-l)2 (n'^  (2 .62)

V a lu es  o f  th e  s t r e a m  and p r e s s u r e  functions tab ulated  for  the  

C artes ian  a n a ly s is  in  A ppendix II , and d e s c r ib e d  fo llow in g  equation  

(2.42), a re  a cco m p a n ied  by the co rresp o n d in g  v a lu e s  d e r iv ed  fr o m  

the sp h e r ica l  a n a ly s i s ,  v a lu e s  of \  for the la t ter  ranging fr o m  0°  

through 85° in  s te p s  of 5° . G raphica l c o m p a r iso n  of the two s e t s  

of resu lts  i s  m ade in  f ig u r e s  2 .5  and 2 .6 , w h ere  the m e r id io n a l  

variation  o f Sf, P ,  and tx i s  p lo tted  for  x  = R, X. = 85°. If the 

sp h er ica l  coord in ate  a n a ly s is  is  c o m p a red  w ith  the rec ta n g u la r  

a n a ly s is ,  it  m ay  be s e e n  that (a) the d is c r e p a n c y  b e tw een  adjacent  

extrem e v a lu es  of the s t r e a m  and p r e s s u r e  function app earing  in  

the rectan gu lar  a n a ly s is  i s  c o n s id e ra b ly  red u ced  in the s p h e r ic a l ,  and  

(b) a shift tow ard s  lo w e r  la t i tu d es  of both the z e r o s  and turning poin ts  

of ^  and P  r e s u l t s  in a g r e a te r  d e g r ee  of m e r id io n a l  s y m m e tr y  in
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gyre  s tru c tu re  for the s p h e r ic a l  a n a ly s is  as  com p ared  with the  

rectan gu lar  a n a ly s is .

2 .4  R e sp o n se  of a Sverdrup ocean  to a m er id io n a lly -d ir e c ted  

wind s t r e s s

A  b r ie f  exam in ation  of the r e s p o n se  of the Sverdrup m od el  

to a m er id io n a lly  d ir e c te d  wind s t r e s s  w ith  s in u so id a l zonal v a r i 

ation w il l  co m p le te  the p r e s e n t  sec t io n .

C on s id er  a wind s t r e s s  f ie ld  s p e c if ie d  by equation (2.63).

t = 0 ; t = - G sin(m r (2.63)

F r o m  equation (2.32) the s t r e a m l in e s  of the v e r t ic a l ly  in t e 

grated  tra n sp o r t  a re  d e sc r ib e d  in the plane coord inate  s y s t e m  by 

equation (2.64)

t, mr R.G x  i < ^ \ / o \
~ 2£2cos<£ ' R '  t o s ( n l T  r )  (2 .64)

fro m  w hence  the z o n a l ly -d ir e c te d  tra n sp o r t  com ponent is  g iven  as  

equation (2 .65),

U = 2£Tc os0  • R* tan* cos(niT (2 ' 65)

and the m e r id io n a l ly -d ir e c te d  com ponent as equation (2.66)  

mr G
^  Z I 7 c o i 0 n-rr ^  sin^iTr - co s^ itt ^ ( 2 . 6 6 )

The g e o m e try  of th is  r e s p o n se  i s  i l lu s tr a te d  in f igu re  2.7 for  

n = 2 by a plot of the function (2S2S&/TT RG) in a portion  of the ( < p ,  x /R )  

plane. The in teg ra ted  tra n sp o r t  is  e n t ir e ly  in the zonal d irec t io n  at  

th o se  va lu es  of (x /R )  for w hich
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cot (mr jjQ = (n„ jQ (2.67)

that i s ,  at the turning points of the s t r e a m  function, w h ere  

V = 0. The f ir s t  th ree  roots  of equation (2.67) a r e ,  a p p r o x im a te ly ,fo r  n = 2, 

^  = 0 .14 , 0.54, and 1.02 radians. T ra n sp o rt  b e c o m e s  w holly  

d ir e c te d  in the m er id ia n  w h ere  U = 0, that i s ,  at the z e r o s  of the  

wind s t r e s s  curl, or at ^  = 0, 0 .25 , 0 .75 , • • • . The e f fe c t  of the 

plan etary  v o r tic ity ,  fr o m  w hich is  d e r iv ed  the m e m b e r s  tan0 and cos$  

of the above e x p r e s s io n s ,  show s in f igu re  2 .7  as  a p r o g r e s s iv e  p o le 

w ard in c r e a s e  in the zonal s tr e a m  function grad ient in the n e igh b or

hood of the m er id ia n s  of van ish ing an em ograp h ic  v o r t ic ity .  T his  

e ffe c t  w ould be rem o v ed  if the m agnitude of the m er id io n a l wind  

s t r e s s  d e c r e a s e d  a ccord in g  to the c o s in e  of the latitude, for, 

co n s id e r  the e ffec t  of a  s t r e s s  d e s c r ib e d  by equation (2.68).

T
y

( 2 . 6 8 )

In th is  c a s e  the s tr e a m  function is  d e s c r ib e d  by equation

(2.69).

nir RG /  x( ) cos  mr
( ' :) (2.69)

T h is  equation r e p r e se n ts  p u re ly  m er id io n a l tra n sp o r t  if

b = 0 .  F o r  |< b I > 0, the c o s in e  te r m  in the wind s t r e s s  cu r l d e -  o o
c r e a s e s  p o lew ards  e ith er  fa s te r  or s lo w e r  than the m atching te r m

in the p lan etary  v o r t ic i ty ,  depending on the s ig n  of and c o r 

responding changes in the zonal tra n sp o r t  com ponent w ill  appear.  

The nature of th e s e  changes i s  i l lu s tr a te d  by f ig u re s  2 .8  and 2.9  

w hich  p lot 2S2 r̂/TrRG d er iv ed  fro m  equation (2 .69) for n = 2. In
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fig u re  2 .8 , = - 10°, w h ile  for f igu re  2 .9 , <j>Q  =  + 10°. If the c o n 

v e r g e n c e  of the m e r id ia n s  on a sp h e r ic a l  earth  is  inc lu ded  in  the  

v o r t ic i ty  r e la t io n sh ip s ,  the s ituation  is  rather  d ifferent. F o r  a m e r i 

dional s t r e s s  pattern  without m er id io n a l var ia t ion ,

= - G s i n n \  (2.70)

equation (2 .57) sh ow s that s tr e a m l in e s  w il l  l ie  on m e r id ia n s .  In tro 

duction o f m er id io n a l  v a r ia t ion , h ow ever , is  a cco m p a n ied  by the  

form ation  of c h a r a c t e r is t ic  zonal tra n sp o r t  pattern s of the kind d e 

s c r ib e d  above.

3. Introduction of the fr ic t io n a l  v o r t ic ity

3.1 The ro le  of fr ic t io n  in v o r t ic ity  b a lan ce

R eferr in g  to the o cea n  c ircu la t io n  p ro b lem , Defant
/

(1962, p. 580) sta ted: "Sverdrup (1947) has shown that a s tead y  sta te  

so lu tion  can be found • • • ev en  when fr ic t io n a l e f fe c t s  a r e  n eg lec ted ."  

Now the driving of the o cean  c ircu la t io n  by the wind is  p r im a r i ly  due 

to fr ic t io n a l  coupling b etw een  a ir  and o cea n  at th e ir  in ter fa c e .  T h is  

coupling is  then tr a n s fe r r e d  through s u c c e s s iv e ly  d eeper  la y e r s  in 

the ocean  by the v e r t ic a l  exch ange  of h o r izo n ta l  m om en tu m  b e c a u se  

of tu rb u len ce  in the w ater . T h is  p r o c e s s  i s  r e sp o n s ib le  for m uch  

of the fr ic t io n a l  d is s ip a t io n  of the w ork  done by the wind s t r e s s  on  

the s e a  su r fa c e .  P e r h a p s ,  then, a m o re  rev ea lin g  s ta tem en t  would  

be that o f  S tom m el (I9 6 0 , p. 156) who pointed out that "the r o le  a s s ig n e d  

to fr ic t io n  (in the Sverdrup a n a ly s is )  is  c o m p a ra tiv e ly  in s ig n if ica n t  

(co m p a red  to  la te r  m o d els )  ■ • • d yn am ica lly  im portant only  in the 

Ekm an w in d -d r if t  layer"  (p a ren th eses  added). In S to m m e l's  i n t e r 
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pretation, th en , the Sverdrup an a lys is  i s  e s s e n t i a l l y  a  stud y  of the 

geostrophic  c ir c u la t io n  in  a fr ic t io n less  w a ter  m a s s ,  on the upper 

surface  of w h ich  l i e s  a fr ic t io n les s  boundary l a y e r .  A n iso b a r ic  

components a p p ea r in g  in  the v er t ica lly  in te g r a te d  tr a n s p o r t  would  

be derived  fr o m  ph en om ena occurring in  th is  b ou n d ary  la y e r .  If 

the m er id ion a l bou ndary  introduced into the S v erd ru p  m o d e l  is  to be 

in terpreted  a s  an im p e r m e a b le  wall (c o a s t ) ,  h o w e v e r ,  then  equation  

(2.23) may not n e c e s s a r i l y  properly  be id e n t i f ie d  w ith  a th in  surface  

boundary la y e r .  D e r iv a t io n  of the la tter  a s s u m e s  an unbounded ocean. 

Indeed, H a ssa n  (1962) has presented  e v id e n c e  to s u g g e s t  that the Ek-  

man "depth of f r ic t io n a l  influence" m ay ex ten d  i t s  s p ir a l  c h a r a c t e r 

i s t ic s  throughout the w hole  column of c ir c u la t in g  w a te r  in  an ocean  

c lo se d  by c o a s t a l  b ou n d a r ies .  Both the E k m an  and  H a s sa n  a n a ly se s  

would be m o r e  v e r s a t i l e  in application i f  m ea n s  c o u ld  be found for a d 

mitting the f r e e  d ev e lo p m en t of a v e r t ica l  v e lo c i t y  f ie ld .  T h is  would 

p erm it c lo s e r  s tu d y  of the influence of c o a s t a l  b o u n d a r ie s  on the pro

p er tie s  of the " s u r fa c e  fr ic tiona l boundary la y e r" .

A s s o c ia t io n  of fr ictional p r o c e s s e s  w ith  r e g io n s  of the ocean  

other than a  s u r f a c e  boundary layer, r e s u l t s  in  g r e a t e r  m ath em atica l  

com plexity  than w a s  ev ident in Section 2, but at the  s a m e  t im e  gives  

greater  fr e e d o m  in  in terpretation  and a p p lic a t io n  o f the so lu tio n s  

derived. W ithin th e  c la s s  of linear, v e r t i c a l ly  in t e g r a te d  c i r c u 

lations d i s c u s s e d  in  the p resen t  work, two e x a m p le s  of th is  en large

m ent on the d y n a m ic a l  ro le  of fr ic tion  a r e  m e n t io n e d ,  and one of 

th ese  is c h o se n  fo r  d e ta iled  study in the s e c t io n  fo l lo w in g .

(a) Munk (1950) retained the c o n c ep t  of b a r o c l in ic  

s tra tif ica tion  and con seq u en t form ation of a  m o t io n le s s  la y e r  in which
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the h orizonta l s t r e s s  d isa p p ea rs ,  leav in g  only the s t r e s s  at the sea  

su r fa c e  in the v e r t ic a l ly  in tegra ted  equations of m otion . In addition, 

h ow ever, he in troduced  further s t r e s s e s  throughout the w ater  m a s s  

c a u sed  by the turbulent exchange of hor izonta l m om entum  a c r o s s  

h orizonta l v e lo c i ty  grad ien ts .

(b) P rov id in g  both co m p a r iso n  and con trast with th is  t e c h 

nique, S tom m el (1948) reta in ed  the r e la t iv e ly  s im p le  equations of 

m otion u sed  by Sverdrup but c o n s id e re d  a hom ogeneous (p = constant)  

ocean  rather than one s tr a t if ie d  b a ro c l in ic a l ly .  In such  a condition, 

cu rren ts  responding to p r e s s u r e  grad ients  induced by the wind at 

the su r fa ce  extend without v e r t ic a l  sh ea r  to the p h y s ica l  ocean  b o t 

tom , i r r e s p e c t iv e  of the depth. In th is  c a se ,  it b e c o m e s  p h y s ica lly  

appropriate  to in troduce a lo w er  fr ic t io n a l boundary la y e r  in which  

the v e lo c i ty  m ay  van ish  at the s e a  bottom . Such a concept req u ires  

retention  in the dynam ical argum ent of the bottom  s t r e s s  te r m s  

w hich p r e v io u s ly  have been  n e g le c ted  in the derivation  of equations  

(2.14) and (2.15) fro m  (2.8) and (2.9).

S to m m el's  m od elling  of th is  bottom  s t r e s s ,  and Munk's 

e x p r e s s io n  for la te r a l  fr ic t io n  each  s e r v e  to introduce v e lo c i ty -  

dependent d is s ip a t iv e  te r m s  into the equations of m otion . The v o r - 

t ic i ty  equation fo rm ed  fro m  equations thus augm ented, contains a 

te r m  additional to the p lan etary  and anem ographic  te r m s  a lread y  

defined. T h is  new te r m  w il l  be c a l le d  the fr ic t io n a l v o r t ic ity .  The 

g r ea ter  sop h is t ica t io n  of the new v o r t ic ity  equation d e r iv e s ,  in each  

of the c a s e s  m en tion ed  above, fro m  an in c r e a s e  in the order  of the  

d ifferen tia l  equation in troduced  by the fr ic t io n a l v o r tic ity .  This
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g iv e s  g r e a t e r  freedom  in  boundary  va lue  sp ec if ica t io n  than w as  p e r 

m it te d  by the Sverdrup m o d e l .

3. 2 The Stom m el m o d e l

The details  of S t o m m e l 's  a n a ly s i s  w il l  now be p u rsu ed  in  

s o m e  d e ta i l .  The p resen ta t io n  in  i t s  o r ig in a l  published form  c o m 

m e n c e s  w ith  the set of v e r t i c a l l y  in te g r a te d  equations of m otion  r e 

p ro d u ced  h e r e  a s  equation (3 .  8) and ( 3 .9 ) .  In the in terests  of c o n 

tin u ity  in  the p resen t work, a d e r iv a t io n  of th e s e  equations fr o m  the  

fu n d am en ta l con s id era t ion s  of the p r e v io u s  sec t io n  w ill be o f fer ed .

In th is  model the s e a  b ottom  i s  a l e v e l  surface and the z - a x i s  

i s  p o s i t iv e ly  d irected  v e r t ic a l ly  upw ards w ith  i t s  origin in th is  s u r 

fa c e .  The o c e a n  is  a s su m e d  to be in  h y d ro s ta t ic  equilibrium, that i s  

to sa y

| f -  = Pg ( 3 . 1 )

T h is  a s s u m p t io n  may be u se d  in  p la c e  of a th ird  Cartesian com p o n en t  

of the v e c t o r  equation of m ot io n , (1 . 2) fo r  an unaccelerated  m o d e l  

p ro v id e d  2/0 0  u cos^ .is  v e r y  m u ch  s m a l l e r  than either of the t e r m s  

in  eq u ation  (3 . 1), as m ay be s e e n  fr o m  equation  (2. 3). The u s e  of  

th is  a s su m p t io n  is  a lm ost a lw a y s  th orou gh ly  ju st i f ied  in d y n a m ica l  

m e t e o r o lo g y  and oceanography. The p r e s s u r e  at any given l e v e l  

z = z q m a y  thus be d e term in ed  by  in te g r a t io n  of the hydrostatic  

eq u ation  (3 .  1) between that l e v e l  and the s e a  su rface  at z = D + £

P(ZQ) = Pg ( D " ZD + C) ( 3 .2 )
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w h ere  D i s  the (constant) depth of the m o t io n le s s  ocean . F r o m  e q u a 

tion  (3.2), horizontal p ressu re  grad ien ts  m ay  thus be  e x p r e s s e d  in  

te r m s  of the slope of the sea  su r fa c e ,  for  su ch  a hom ogen eou s  o cean ,  

perm itting the equations o f  h or izon ta l m otion  (2 .6 ) and (2.7) to  be  

rewritten.

< 3 - 3 >

+ f a = - « ^ + ? T ^  < 3 ’ 4 >

These equations may now be in teg r a te d  w ith  r e s p e c t  to  

z between the bottom at z  = 0 to the f r e e  s u r fa c e  at z = D + £ to  

g ive  equations (3.5) and (3.6).

0 = " g  H < D  + &> + f v(D +  &) +  ~ ( t x ) ] (3 .5)8x P 1 x D+£ o

o = - g I I  (D + 0  - £S(D + ; )  + I  [ ( T y ) D H  - ( T y ) o l  (3 .6 )

u and v represent integral m e a n  v a lu es  over  depth of the h o r izo n ta l  

v e lo c i ty  components. This p r o v is io n ,  w hich  d o es  not appear in  

S tom m el's  development, has been  in s e r t e d  b e c a u se  v e r t ic a l  v e lo c i ty  

gradients will be found in the su r fa c e  and b ottom  fr ic t io n a l  (" sp ira l" )  

boundary layers , even though the h o m o g en eo u s  w a te r  a s su m p tio n  w i l l  

en su re  the flow of gradient cu r re n ts  w h o se  v e lo c i ty  i s  in var ian t w ith  

depth. Such a  provision would m ak e  u n n e c e s s a r y  S to m m e l's  (I9 6 0 ,  

p. 88) assumption that the wind a c ts  on the w ater  " e s s e n t ia l ly  a s  a  

body fo rce ,  and not as a su rface  s t r e s s ."

As in the Sverdrup a n a ly s i s ,  S to m m el id e n t if ie d  the quantity
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( t )£)+  ̂ w ith  the wind s t r e s s  on the s e a  su r fa c e ,  the com pon en ts  of 

w hich  w i l l  be noted  h e r e a f te r  s im p ly  as  tx and t . F o r  s im p lic ity ,  

the b ars  ov er  the quantit ies  u and v w il l  a ls o  be om itted  in the d i s 

c u s s io n  fo llow ing . S to m m el e x p r e s s e d  the com ponents of the h o r i 

zonta l s t r e s s  ac t in g  on the s e a  bottom  as in equations (3 .7 ) .

(x ) = Ku ; ( t ) = Kv (3.7)
x o y o

w h ere  K is  a constant. T h is  form u lation  has been  ch o sen  m o re  with  

an eye  to the sub seq u en t m a th em a tica l  d eve lopm ent than out of any  

r eg a rd  for the p h y s ic s  of the lo w er  boundary la y e r .  S om e n otes  on 

th is  fo r m  of fr ic t io n  appear in  a la ter  sec t io n . With th e s e  s u b s t i 

tu tion s , the v e r t ic a l ly  in teg r a te d  equations of m otion  a r e  now e x 

p r e s s e d  as  equations (3 .8) and (3.9).

0 = - pg (D + &) + fpv(D + U -  Ku + tx (3.8)

0 = - Pg (D + &) - fpu(D + t )  Kv + r y (3.9)

T h e se  equations a r e  now id en tica l w ith  S to m m e l's  (1948) in tro

ductory  equations [1] and [2] ex cep t  for the app earance  of the factor  

p , o m is s io n  of w hich  fro m  the o r ig in a l  equations w as noted  by M ont

g o m e r y  (1959). A lte r n a t iv e ly ,  S tom m el cou ld  have reg a r d e d  the 

con stan ts  F  and R in h is  equations as  containing the d en s ity ,  i m 

p lic it ly ,  s in c e  th is  is  constant. The in teg ra ted  continuity equation, 

d eve lop ed  p r e v io u s ly  as  equation (2 .18), would appear in the p resen t  

notation as  equation (3 .10).

£  [u(D + t)]+  ^  [v(D + &)] = 0 (3. 10)
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F o r m a t io n  of the v o r t ic i ty  eq u ation  by  cro ss -d if fer e n t ia t io n  

and su b tra c t io n  in equations (3 .8 ) ,  (3 .9 ) ,  to g e th e r  with the use of  

eq uation  (3 .1 0 ) ,  y ie lds  equation (3. 11).

T h is  eq uation  e x p r esse s  a s ta te  of b a la n c e  b e tw e en  fr ic tion a l,  planet

a r y ,  and anem ographic  v o r t ic i t ie s ,  r e s p e c t iv e ly ,  reading the term s  

fr o m  le f t  to right. A s tr ea m  fu nction , , m a y  be defined from  

eq uation  (3 .10) as f o l lo w s  :

In trodu ction  o f this function g iv e s  th e  v o r t ic i ty  equation (3.11) in the 

fo r m  (3 .1 4 ) .

w h e r e  the d e l operator contains d e r iv a t iv e s  w ith  r e s p e c t  to x and y,

su m  w ith  the depth D. This tr e a tm e n t  h as  r ep ro d u ced  the vorticity  

equation  d e r iv e d  by Stom m el (1948, eq u ation  [9] ] w ith  the addition, 

h e r e ,  of th e  sca la r  product on th e  le f t  hand s id e  o f equation (3.14). 

T h is  t e r m  a r i s e s  through an im p ortan t d i f fe r e n c e  betw een  this treat

m en t  and the orig inal. S to m m el a s s u m e d  that the assu m ption  

4 < <  D p e r m it s  reduction of the in te g r a te d  con tin u ity  equation to  the 

fo r m

(3.11)

(3.12)

(3.13)

c u r l  t  
z

(3.14)

only , and  the s m a ll  d isp la cem en t & i s  n e g le c t e d  w h ere  it appears in

(3.15)
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to the sa m e d eg ree  of ap p roxim ation  as w as em p loyed  in s im p lify 

ing the v o r tic ity  equation, in  sp ite  o f the ap p earan ce o f the te r m  

(D + £) under a d ifferen tia l op erator  in equation (3 .10 ). F ro m  

equation (3.15) a s tr ea m  function

u = 9 7  (3- 16>

w as in trod uced  into equation  (3 .11) to  g ive the v o r tic ity  equation  in  the 

form

v 3 * + ( p  1 1 ? )  4  c u r i z T  <3 - i s >

It thus ap p ears that S to m m el's  trea tm en t in v o lv es  the u n stated  

a ssu m p tio n  that the s tr e a m lin e s  o f m ean  flow  a re  ev ery w h ere  p a r a lle l to  

the contours of the s e a  su r fa ce  topography, so  that the id en tity  of 

equations (3 .14) and (3 .18) m ay be a ssu re d . T h is a ssu m p tio n  is  

unduly r e s tr ic t iv e , and is  not com p atib le  w ith the p r o p e r tie s  of 

p a rticu la r  so lu tio n s of (3 .18) d is c u s se d  la te r . A d er iv a tio n  of equation

(3 .18) w hich is  not su b ject to th is  r e s tr ic t io n  m ay be o ffer ed  if  so m e  

m od ifica tion  of the bottom  s t r e s s  form u lation  (3 .7 ) is  p erm itted .

S in ce th is  form u lation  is  quite a rb itra ry , l it t le  ob jection  can be r a ise d  

to a m o d ifica tion  in  te r m s  of equation  (3 .19).

(t ) = Ku(D + ;)  ; (t ) = Kv(D + t )  (3 .19)
x o y o

U se o f equations (3 .8 ), (3 .9 ), (3 .10 ), and (3 .19) now p erm its  

the d er iv a tio n  of equation  (3.18) w ithout r e s tr ic t io n  on

E quation (3 .18) is  lin ea r  in  the independent v a r ia b le  ^  and  

thus its  com p lete  so lu tio n  m ay be e x p r e s se d  as the sum  of a p a r ticu la r
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in tegra l and a c o m p le m e n ta ry  function, the la tte r  b e in g  the general 

solution o f th e  equation  h om ogeneou s inSf,

V 2*  + Q | 5  = 0 (3.20)

w here a = p 5  if  a is  constant and the Ro&sbj'y p aram eter  is

assu m ed  to b e  in v a r ia n t in  the m erid ian , the co m p lem en ta ry  function  

is  read ily  found, fo r  th e co o rd in a tes  are sep a ra b le . A ssum ption  of 

a solution of equ ation  (3 .2 0 ) having the form  X(x) • Y (y) y ie ld s  the 

ordinary d if fe r e n t ia l eq u ation s (3.21).

1 d2X , a dX 1 ds Y , „ , n

w here k is  th e  s e p a r a t io n  con stan t, which in g e n e r a l m ay be any 

com plex nu m b er, in clu d in g  z er o . Stom m el c o n s id e r e d  that solution  

generated  by a r e a l p o s it iv e  separation  constant, k = n2 . This r e 

duces (3 .21) to  eq u a tio n s (3 .22 ) and (3.23).

— + q ^ - n2X = 0 (3.22)
dx2 ° x

— [■+ n2Y = 0 (3.23)
dy

The g en era l so lu tio n s  o f th e s e  equations have the fo rm

v  A x . BxX = pe + qe (3.24)

Y = c s in  ny + h cos ny (3.25)

w here p, q, c , and h a r e  constants of in tegra tion  and A, B are the 

roots of the c h a r a c te r is t ic  equation of (3 . 22 ), that is
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A = - i2
+ r i3 1 / 2 (3 .26)

3 - | l / 2
B = + n2 (3 .27 )

The general form  of the so lu tio n  o f eq uation  (3 .20 ) i s  thus

p ( n )e ^ n X̂ + q ( n ) e ^ n X̂ [c(n) s in n y  + h(n) co s  ny] d(n2 ) (3 .28)
o

where the in teg r a l o v e r  n is  n e c e s s a r y  b e c a u se  no r e s tr ic t io n  has  

yet been p laced  on  th is  p a r a m e te r . T h e  v a r io u s  co n sta n ts  ap p earin g  

in equation (3.28) m ay be d efin ed  by s p e c if ic a t io n  o f a p p rop ria te  

boundary con d ition s. S to m m el c o n s id e r e d  a r ec ta n g u la r  o cea n  of  

zonal width (a) and of m e r id io n a l w idth (b), and a llo w e d  no t r a n s 

port through the b o u n d a r ies. T h is  co n d itio n  w as a p p lied  in  the  

sp ecific  form

where ^ is  the c o m p le te  so lu tio n  of (3 .1 8 ) . T o  m a k e  th is  v o r t ic ity  

equation m ore s p e c if ic ,  S to m m el c h o se  an a p p lied  w ind  s t r e s s  of 

the form

where F is  a p o s it iv e  co n sta n t. A s w ill  be s e e n  sh o r tly , th is  c h o ic e  

was probably m o tiv a ted  by the fo r m  of th e so lu tio n  to  th e y -d ep en d en t  

separated equation (3 .2 5 ) o f th e  h o m o g en eo u s equation . T he c o n 

venience of th is fu n ction a l in terd ep en d en ce  w ill  b e  fu rth er  e m p h a siz e d  

in Section 5. S to m m el r e m a r k s , h o w e v e r , that the e x p r e s s io n  (3 .30 )

W(x, 0 ) = ^ ( x ,b )  = ^ ( 0 , y) = ^ (a ,  y) (3 .29 )

(3 .30 )
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m o d e ls  a z o n a lly -d ir e c te d  w ind s y s te m  o v er  the ocean  with w e s te r l ie s  

p r e v a ilin g  o v er  the n orth ern  h a lf and e a s t e r l ie s  o v er  the southern p ortion , 

a  s itu a tio n  s u g g e s t iv e  o f the c lim a to lo g ic a l m ean  wind pattern over  

a c tu a l ocean  a r e a s . W ith the w ind s t r e s s  f ie ld  thus defined, the 

v o r t ic ity  equation  (3 .18 ) b e c o m e s

* * » + » £ = K 6 ' ta2f  <3‘31>

a p a r ticu la r  in te g r a l of w hich  is

Sf = - s in  (3 .32)p Ktt b '

T he co m p le te  so lu tio n  of the v o r tic ity  equation  (3 .18) is  thus the su m  

of th is  p a r ticu la r  in te g r a l (3 .22) and the com p lem en ta ry  function (3 .2 8 ).

Sfr =  qe"^xN)(c s in  ny + h cos ny)j- dns - sin  ^  (3 .33)

T h is  e x p r e s s io n  m a y  now be m ade m o re  s p e c if ic  by  application of the  

boundary co n d ition s (3 .29 ).

If M/(x, 0) = 0,

j  h ^ p e ^  + q eBx^ d n 2 = 0 (3 .34)

T h is  in te g r a l m ay  v a n ish  for  a ll x  on ly  if the in tegrand  lik ew ise  

v a n ish e s . H ence h(n) = 0 for  a ll  n.

If * ( x ,b )  = 0,

00

p e ^ X + q e ^ X̂ d n 3 = 0 (3 .35)^  c s in  nb ^

fo r  a l l  n. E x cep t for  the tr iv ia l  s itu a tio n  c = 0, equation (3.35) le a d s
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to the condition sin (n b) = 0 w h ich  l im it s  n to a d iscre te -in fin ite  s e t  

of e igenvalues

TT .nj = j » j = 1, 2, 3, * • • ,00 (3 .3 6 )

j = 0 is  excluded a s  le a d in g  to  a t r iv ia l  so lu tion . The com plete  

so lu tio n  for S to m m el's  p r o b le m  h a s thus b een  reduced from  the in fin ite  

in teg ra l form  (3 .33) to  the in fin ite  su m  (3 .3 7 ).

00

= J j c j s i n ( n jy ) ( p j e  j + q j e  0 " ^ s i n ( ^ )  ( 3 , 3 7 )
i=l

*

w h ere

A . = - £  + 
J 2

B = - T  1 2

1/ 2

1 / 2

(3 .3 8 )

(3 .3 9 )

Fb . Ar 
K tt 81\ l

oo

£ y ) =  ^ C j lp j  + qjlsinfnjy) 

j= l

fr o m  which [p. + q .] a r e  id e n t if ie d  a s  th e  s e t  of Euler co effic ien ts  
J J

o f the halfrange F o u r ie r  s in e  ex p a n s io n  o f the particular in tegra l, 

w ith  Cj = Fb/Kir for  a l l  j; i. e . ,

Pj + q

2 tt

j = Jr y )s in (n -y )  dy
o ^  ^

(3 .4 0 )

The orthogonal p r o p e r t ie s  of the c ir c u la r  functions, and in  

p a r ticu la r , the r e la t io n
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2 tt

J s in ( iy )  sin(ny) dy = / *  ’ j (3 .41)
o ^

show s that the sum  of the c o e ffic ien ts  (p. + q.) van ish es for a ll  j
J J

ex cep t j = 1 for w hich n = ir/b , and

Pj + qj = 1 (3.42)

The so lu tion  red u ces to

*  = s in ( E y ) ( p i e 1 + qi e 1 - 1)  <3-43>

T h is is  the form  given  by S tom m el, but so  far only the su m  (p  ̂+ q )̂ 

has been  defined in te r m s  of known p a r a m e te rs .

If tf(a ,y )  = 0,

A ,a  B .a„ Fb . (  it
0 = TSF S ln ( S ’ y

1“ . r .+ qxe - 1 (3.44)

T hus, in term s of the E u ler  constant defin ition  as b e fo re ,

A^a B^a
p xe + q je  = Pj + qj = 1

and the con stan ts p^ and q  ̂ a re  thus d eterm in ed  as

. Ba

Pl = - aA- ~ ' aB ' q l = 1 " P1 <3'4 5 >e - e

It w ould se e m  to be im p ortant to the d erivation  of the so lu tion  

in the fo rm  (3 ,4 3 ), sp e c if ic a lly  to id en tify  the constant c w ith  the 

factor  (Fb/Krr) rather than to ab sorb  it in the con stan ts p and q as 

did S tom m el. T h is does not a lte r  the nature of the so lu tion , of 

c o u r se .

E quation (3 .43) to g eth er  w ith  the d efin ition  o f con stan ts by 

equations (3 .38 ), (3 .3 9 ), and (3 .45) thus d e sc r ib e s  the s tr ea m lin e s
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of the v e r t ic a l ly  in teg ra ted  transport under th e conditions m od elled . 

The co m p o n en ts  o f m ean  velocity  m ay be obta in ed  by partial d if fe r 

en tia tion , a c co r d in g  to  equations (3.12) and (3 .1 3 ).

- I F  
u = D • K COS ( f  y) ' ( p e A x  + q e B x  ■ 1 (3 .46)

[Note the p ow er  o f tw o appearing in e r r o r  in  S tom m el's  equation  

(21), page 204. ]

1 Fb 
v = - D ' K5 slI\ b  y

a A x  ̂ -d Bx  pA e + qB e (3 .47)

T he top ograp h y of the sea su r fa ce  w as obtained by Stom m el 

who in te g r a te d  th e  equations of m otion (3 .8 ) and (3.9) after s u b s t i

tuting th e s e  v e lo c i ty  com ponents.

F r o m  eq u ation  (3 .8 ), regarding y a s  z e r o , and integrating  

w ith  r e s p e c t  to x , w e have (assum ing £ < <  D),

x  x

p gD [£(x ,o) - £ (0 ,0 )] = j*(-Ku + Tx )d£- g  J { ( p eA ^+ qeBe _1)  + D}

= - F p A x , q B x  | e  + J e  - x - Fx (3 .48)

F r o m  eq u ation  (3 .9 ), x is  taken a s  con stan t and integration  

p er fo rm ed  w ith  r e s p e c t  to y:
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y
pgD[&(x,y) -& (x ,o)] = c o s^  . ( p e ^  + q eB x  - 1)

o

+ —̂  s in ^ — • ( p A e ^  +■ qB eB x )j- d£

SpF . A x , B x  , v - (pe + qe - 1) •

- F ,  . A x  , „  Bx.• (pA e + qB e ) (3 .49 )

w here p = 8 f / 8y . T he e le v a t io n  o f th e  s e a  su r fa c e  a t any poin t  

(x, y) r e la t iv e  to  that at the o r ig in , (0 , 0 ), i s  g iv e n  by th e su m  of 

the r ig h t hand s id e s  o f eq u ation s (3 .4 8 ) and (3 .4 9 ).

T h is  d u p lica te s  S to m m e l's  eq u ation  (23) if:

(i) the b ottom  s t r e s s  in eq u ation s ( 1 6 ) is  m o d if ie d  a cco rd in g  to 

eq u ation s (3 .1 9 ) ,

(ii) a  change in  s ig n  b e fo r e  th e  fa c to r  con ta in in g  (8 f / 8y) is  a d m itted ,

(iii) the co n sta n t t e r m  (F /p g D ) is  in c lu d ed .

If the in te r p r e ta tio n  of u and v a s  m ea n  v a lu e s , a s  su g g e s te d

{ysin(¥)+(?)(cos
2
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in  th e  r em a rk s  fo llo w in g  eq u ation  (3 .6 ) is  n e c essa ry , th en  th e  fu ll 

s ig n if ic a n c e  of a " su r fa ce  topography" derived  in  the eq u a tio n s ab ove  

in  te r m s  o f th is  m ean  flow  r e m a in s  to  be c larified . P e r h a p s  th e  

re ten tio n  of th e  in teg r a te d  p r e s s u r e  function, P, w ould  b e  m o r e  a p 

p r o p r ia te  fo r  th is  p u rp o se .

S to m m el p r e se n te d  s tr e a m lin e  and "surface top ograp h y"  p a ttern s  

c a lc u la te d  fr o m  th e ab ove fo rm u la e  for three d ifferen t o c e a n s . C onstants  

w e r e  ch o sen  a s  fo llo w s :  

a = 109 cm

b = 2ir x 10s cm  (note that th is  quantity was eq u ated  to  6249  km  by Stom m el) 

= 1CT1 3 cm -1  s e c -1  

D = 2 x 104 cm  

F  = 1.0 dyne cm -2

K = 0 .0 2 , a v a lu e  ch o sen  so  th at " ve loc ities  in  th e  r e su lt in g  

s y s te m s  ap p roach  th o se  o b se r v e d  in nature" (S tom m el).

F o r  an o cea n  w h ich  is  e ith e r  n on -rotatin g , or ro ta tin g  u n ifo rm ly , 

the v o r t ic ity  equation  is  id e n tic a l, equating the L a p lac ian  o f th e  s tr e a m  

fu n ction  to  the w ind  s t r e s s  cu r l. T h is  resu lts  in a s im p le  s y m m e tr ic a l  

c ir c u la t io n  g y ra l. [It sh o u ld  be n oted  that the s ig n  o f th e  s tr e a m  function  

in  S to m m e l's  f ig u r e s  sh o u ld  be r e v e r s e d  to be c o n s is te n t  w ith  h is  d e f i 

n ition  of th is  fu nction . ]

F o r  a n o n -ro ta tin g  o cea n  the e ffe c t  of bottom  fr ic t io n  is  to  

m a in ta in  e le v a t io n s  of th e s e a  su r fa c e  off downwind p o r tio n s  o f the  

m e r id io n a l c o a s ta l b o u n d a r ies  and d ep ress io n s  off the upw ind p o r tio n s.

W ith th e u n ifo rm ly  ro ta tin g  o c ea n , how ever, a cen tra l e le v a t io n  of the  

s e a  s u r fa c e  is  p ro d u ced  g iv in g  r is e  to  p ressu re  g ra d ien t fo r c e s  w hich ,
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with the fr ic t io n a l fo r c e s ,  balan ce the C oriolis fo r c e s  on the c ir c u 

la ting  w a te r . B e c a u s e  th e  fr ic tio n a l forces are r e la t iv e ly  s m a ll ,  

s tr e a m lin e s  a r e  n e a r ly  p a r a lle l  to the topographic co n to u rs (th ey  

would b e  a c c u r a te ly  p a r a lle l  in geostrophic flow). An a n a ly s is  of the 

balan ce of fo r c e s  is  g iv en  in  T ables 3. 1 and 3.2. B e c a u se  o f the sp h e r i

c ity  of th e e a r th 's  s u r fa c e , the C oriolis forces due to  the e a r th 's  r o 

tation  a r e  not u n ifo rm , but d ecrea se  from  a m axim um  at th e eq u ator  

to z e r o  at th e p o le s ,  fo llo w in g  the cosine of the la titu d e . F o r  th e  

fo rego in g  a n a ly s is  a lin e a r  variation  of the C orio lis p a r a m e te r  w ith  

la titude i s  e s s e n t ia l  to  k eep  the param eter a constant in  eq u ation

(3 .31). S to m m e l u s e s  the form ula

f = y  X 10“13 (3 .5 2 )

as an a p p ro x im a tio n  c h a r a c te r is t ic  of low er geographic la t itu d e s .

With th is  v a r ia tio n , a s tro n g ly  pronounced asym m etry , of the c i r c u 

la tion  g y r a l w a s d ev e lo p ed  (figure 3.1). This phenom enon w as lik e n e d  

to the b eh a v io r  o f the north  A tlantic and P acific  O cean s, w h e r e  s tro n g  

w estw a rd  in te n s if ic a t io n  o f currents is  observed  in th e G ulf S tre a m  

and K u rosh io , r e s p e c t iv e ly .

S to m m e l n o tes  that the patterns shown should  be a b le  to  be 

extended  a c r o s s  th e  equator sim ply  by reflection  in the x - a x i s .  A  

d isco n tin u ity  in  p r e s s u r e  gradient appears at the equator in su ch  a 

r e f le c tio n .

3 .3  P r o p e r t ie s  o f the Stom m el solution

The g e o m e tr y  o f S tom m el's solution for the s tr e a m  fu n ction ,

, and the su r fa c e  e le v a t io n , £ , has been recom puted , and the r e s u lt s
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a r e  sk e tc h e d  in  f ig u r e s  3.1 and 3 .2 . T h e se  f ig u r e s  rep ro d u ce  the  

c h a r a c ter  o f S to m m e l's  (19 4 8 , f ig u r e s  5 and 6 ; I9 6 0 , f ig u r e s  58 and  

59) p lo ts , but c e r ta in  d if fe r e n c e s  a r e  ev id en t. I so p le th  v a lu e s  do not 

c o m p a re , a lthough the o r ig in a lly  p u b lish ed  d ia g ra m s do not in d ica te  

the r e s u lt s  o f the q u a n tities  show n. The c en te r  of the c ir c u la tio n  

g y re  is  c lo s e r  to th e  w e s te r n  boundary than th e o r ig in a l d ia g ra m  i n 

d ic a te s , and the e n tr a n c e -e x it  r e g io n s  o f the G ulf S trea m  show  a 

sh a r p e r  s tr e a m lin e  c u r v a tu r e , thus in c r e a s in g  th e " w estw a rd  in te n s i

fica tion "  e ffe c t . O ther m in o r  d if fe r e n c e s  in g e o m e try  m ay  be noted .

F o r  c o m p a r iso n  of th e S to m m el a n a ly s is  w ith  o th er  s im ila r

co m p u ta tio n s, it  i s  of in te r e s t  to  e s ta b lis h  the e f fe c t  o f th e m a x im u m

valu e  of the s tr e a m  fu n ction , w h ich  r e p r e s e n ts  the to ta l w in d -d r iv e n

tr a n sp o r t, w ith  v a r ia tio n  o f o cea n  d im en sio n s . F ro m  the sy m m e tr y

of the so lu tio n  (3 .43 ) it  i s  a p p aren t that the m ax im u m  v a lu e  of the

s tr e a m  fu nction  w ill  a lw a y s l i e  on y  = b /2 .  U se  of th is  va lu e  in (3 .43)

and se ttin g  8 ^ /9 x  = 0 in d ic a te s  that the a b s c is s a ,  x  , of the m a x i-  °  m
m um  va lu e  o f is  g iv en  by eq u ation  (3 .5 3 ).

S u b stitu tion  of th e v a lu e  fo r  x  back  in to  the so lu tio n  y ie ld s  

the m ax im u m  v a lu e  o f th e s tr e a m  fu n ction . A n a ly t ic a lly , the r e s u l t 

ing e x p r e s s io n  is  too  c o m p le x  for  it s  p r o p e r tie s  to  be r e a d ily  ap p arent, 

but the v a r ia tio n  o f th is  m a x im u m  v a lu e  has b een  com p u ted  fo r  v a r io u s  

com b in a tio n s o f th e m o d el d im e n sio n s  (a) and (b), and th e r e s u lt s  a re  

p lo tted  in  figu re 3 .3 . In th is  f ig u r e , the fu ll c u r v e s  r e p r e s e n t  the  

m a x im u m  v a lu e  of the s tr e a m  fu n ctio n  as  a fu n ction  of the ra tio  of

(3 .53)
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m e r id io n a l to  zon a l d im ensions, (b /a ), for v a lu e s  o f (a) b e tw e en  1 0 7 

and 109 cm . A s the ocean is  "squeezed" m e r id io n a lly  (the " w avelen gth "  

o f the a p p lied  w ind s tr e s s  distribution shrinking c o r r e sp o n d in g ly ) ,  

th is  m ax im u m  v a lu e  in crea ses  until a peak is  r e a c h e d  o c c u r r in g  at 

(b /a )  w 0 .27  for  (a) = 109 cm . With in crea s in g  v a lu e s  o f (a) th is  

p ea k  sh ifts  tow ard s low er values of (b /a ), and its  a m p litu d e  i n 

c r e a s e s .  T he lo c u s  of this peak is m arked in  fig u re  3 .3  by th e h eavy  

b ro k en  c u r v e . T he corresponding sh ift of the a b s c is s a  o f th is  m a x i

m u m  v a lu e  i s  show n by the lighter broken cu rv es  in  f ig u r e s  3 .3 .

T h e se  in d ica te  th e e ffe c t  of varying ocean d im en sio n s  on th e  d e g r e e  

o f " w estw a rd  in ten sification " .

In the n ex t sec tio n , occasion  w ill a r is e  to  e x a m in e  th e p r o 

p e r t ie s  o f S to m m e l's  m axim um  stream  fu nction  w ith  r e s p e c t  to  v a r i 

a tio n s  in  the va lu e  of the param eter, a, a lso  in  co n ju n ction  w ith  

v a r ia tio n  of o cea n  d im ensions.

It is  of in te r e s t  to exam ine the r e la t iv e  im p o r ta n c e  o f th e  

v a r io u s  te r m s  m aking up the balance of fo r c e s  in  th e  S to m m e l m o d el  

e x p r e s s e d  in  equations (3.8) and (3.9). V alues of e a ch  o f th e  term s  

ap p ea r in g  in th e se  equations are lis te d  in T a b les  3.1 and 3 .2  fo r  a 

zo n a l s e c t io n  a c r o s s  S tom m el's ocean at a " latitude"  o f y  = 0 .7b .

T ab le  3.1 p r o v id e s  a detailed an alysis of the d y n a m ica l b a la n ce  in  

th e "G ulf S tream " ex it region, between x  = 0 and x  = 0 .1 a , w h ile  

T a b le  3 .2 p r o v id e s  a broad analysis a c ro ss  the w h ole  o c e a n  m o d e l.

A ls o  in c lu d ed  a r e  the in ertia l term s inherent in  th e  so lu tio n . T h e se  

te r m s  a r e  not m em b ers  of the equations of m otio n  u se d  in  S to m m e l's  

a n a ly s is ,  but a s  rem ark ed  following equation (2 . 2 ), th e u n im p o rta n ce  

o f th e s e  te r m s  d oes not n ecessa r ily  accom pany su ch  n e g le c t . In sp e c tio n
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o f the ta b les  r e v e a ls  that th e se  te r m s  a r e  w holly  n eg lig ib le  over  m o st  

o f the m o d el, h o w ev er , b e in g  th ree  to four o r d e rs  of m agnitude sm a lle r  

than te r m s  re ta in ed  in  the equations o f m otion . T he in e r t ia l te r m s  r is e  

to  s ig n if ic a n c e , com p ared  w ith  other te r m s , in  the reg ion  of the i n 

te n se  w e s te r n  boundary cu rren t and shou ld  thus p ro p er ly  appear in  

the eq uation s cf m otion . O b servation  of th is  fa c t has led  to s e v e r a l  

fru itfu l a n a ly se s  o f the d yn am ics of su ch  boundary cu rren ts  w ith  the 

f ie ld  a c c e le r a t io n s  p laying a dom inant ro le  in the b a lan ce  o f fo r c e s ;  

fo r  ex a m p le , Munk e t a l. , (1950); S to m m el, (1953); C harney (1955), 

M organ (1956); and C a r r ie r  and R obin son  (1962). Of c o u r se , the  

v a lu es  l i s t e d  in the ta b les  a r e  not n e c e s s a r i ly  th o se  w hich w ould be 

d e r iv ed  fro m  a so lu tio n  of the eq u ation s of m otion  w hich  inclu de the  

in e r t ia l  te r m s; such  a so lu tio n  m ay d iffer  m ark ed ly  fro m  that of 

th e u n a cc e ler a te d  eq u ation s, e s p e c ia l ly  in  the r eg io n  of th e w e ste r n  

boundary cu rren t. It w ill  be beyond the defined  sco p e  of the p re se n t  

study to exam in e  the d e ta ils  of th e se  n on lin ear th e o r ie s .

3 .4 . The S to m m el a n a ly s is  in  sp h e r ic a l co o rd in a tes

A s w ith  the Sverdrup  a n a ly s is ,  it  w ill  be u se fu l to have  

th e S to m m el m od el fo rm u la ted  in sp h e r ic a l co o rd in a te s . In su ch  a 

coo rd in a te  s y s te m , the in teg ra ted  equations of m otion  (3 .8) and (3 .9) 

m ay be w ritten

" H  (D+&) + 2 fis in * p v (D + !;)-K p u (D + & ) + T x  = 0 (3 .5 4 )

- § | ( D  + &) - 2ft s i n < p  pu(D + &) - Kpv(D + &) +r^  = 0 (3 .55)

T h ese  equ ation s m ay be reg a rd ed  as  a m o re  h igh ly  d evelop ed  fo rm  

of equations (2 .45) and (2 .46 ). The contin u ity  equation  m ay be
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w r itte n  as

^  ±  [pu(D + t , ) )  + A  [ p v ( D  + &)] =  v  tan* (3 .56 )

fr o m  w h ich  a m a s s  tran sp ort s tr e a m  fu n ction  e m e r g e s  as

(3 .5 7 )

-pv(D + t)  - (3 .58)

F o r m a tio n  o f th e v o r tic ity  equation fro m  (3 .54 ) and (3.55) followed  

by su b stitu tio n  fro m  equations (3 .5 6 ), (3 .5 4 ) , (3 .5 7 ), and (3.58) y ie ld s

w h ere  9x = R 8* ; 8y = R c o s * 8 \. . F o r  (3 co n sta n t, equation (3.59) 

i s  s e p a r a b le  a s  w as its  counterpart in p lan e C a r te s ia n  coordinates,

(3 .1 8 ) . T he x -d ep en d en t sep arated  eq u ation  r em a in s  unchanged from  

eq u ation  (3 .2 2 ) , w hen the sam e se p a r a t io n  p r o c ed u r e  is  em ployed. 

T he a s s o c ia te d  y-d ep en d ent equation , h o w e v e r , contains the effect 

of the c o n v e r g e n c e  of m erid ians on a s p h e r ic a l  earth .

T h is  m a y  b e  r e c o g n iz e d  as a fo rm  of L e g e n d r e 's  equation, of order

\
th e s p h e r ic a l  coord in ate  equivalent o f S to m m e l's  equation (3.18) in  

th e  fo r m  (3 .5 9 ) .

(3 .59 )

(3 .6 0 ).

s 2 - [ l + / l  + 4na R ] ,

th e  c a n o n ic a l fo r m  of which (e. g. , W y lie , I9 6 0 , p. 451) is
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(1 - z2 ) 2z ^  + s (s  + 1)Y = 0 (3 .61)
dy dz

E quations (3.60) and (3.61) a re  r e la te d  by the tr a n sfo r m a tio n  

z = c o s ( J -  $ ) .  Solution of equation (3 .59) o v er  a f ie ld  bounded by tw o  

p a r a lle ls  and two m eridians m ay thus be b u ilt up fo llo w in g  th e  g e n e ra l  

p r in c ip le s  of the foregoing S tom m el a n a ly s is ,  w ith  zon a l h a r m o n ic s  

ap p earin g  in place of the tr ig o n o m etr ic  fu n ction s w h ich  w e r e  p r e 

v io u s ly  derived  from  the y-d ep en den t sep a ra ted  equation  (3 .2 5 ).

In the spherical coord in ate  fo rm u la tio n , h o w e v e r , c h ie f  

in te r e s t  attaches to the vortic ity  equation  (3 .59) w ith  the m o re  n atu ra l 

form u lation  for (3 as 2 fico s$ /R . T he r e s u lt  of su b stitu tin g  a se p a r a te d  

so lu tio n  having the form  X(x) Y(y) into the h om ogen eou s eq u ation  fo r m e d  

fro m  (3 .59) is  equation (3.62).

X" , Y" , 2 . X '  tan ^ Y ' n
j t  + r + k k : c o s* ' 3T  - r r  = 0 (3 -6z)

This c lear ly  is not sep a ra b le , b e c a u se  of th e p rod u ct  

cos$(X 7X ) appearing in the th ird  te r m  on the le ft  hand s id e . One is  

tem p ted  to follow  the technique o f Munk (1950 , eq. [13]) w ho, w hen  

fa ced  w ith  a sim ilar  situation in the " la ter a l fr ic t io n a l c ir c u la t io n  

m odel"  m entioned briefly  in the in tro d u cto ry  p ara g ra p h s to  th is  s e c t io n ,  

ap p aren tly  forced  a condition of se p a r a b ility  on h is  m a th e m a tic a l  

s y s te m . The appropriate d ev ice  for  th is  p u rp ose  in  th e c a se  o f  

equation  (3.62) is to se t  (X '/X ) co n stan t, sa y ,

X 1 = - s 2 X (3 .63)

w h en ce X = Ae"s2 x  (3 .6 4 )

and
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X" ?5 r = s 2 (3.65)

w h ere A and s a r e  co n sta n ts .

E quation  (3 .62) now b e c o m e s  sep a ra b le , and the y-dependent 

equation  co m p lem en tin g  (3 .64) is  (3 .66 ).

x r  — 'u. j v  r r-> 2d Y _ tan0 dY 
dy2 " R

Y = 0 (3.66)

If <j> = 2 0, th is  equation  m ay be w ritten

^  - 2 ta n 2 0  + Ras a a* clU s 2 - g  c o s 2 0  |y  = 0 (3.67)
d 0‘

If Y = Z /2 c o s 2 0 ,  w h ere  Z is  so m e tw ice  d ifferen tia b le  

function  of the la titu d e-d ep en d en t equation  red u ces  to  equation (3.68).

d3z + R2 s2 (s 2 + 1) - %  c o s 2 0X\- Z = 0 (3.68)
d 0

p rov id ed  <j>  ̂ tt/2 . E quation (3 .68) is  r ec o g n iz e d  as  a fo r m  of Mathieu*s 

equation , the ca n o n ica l fo rm  of w hich , fo llow in g  the n otation  of M cLachlan  

(1947), is

d2Y , r-
dz2

+ [a  + 2 q c o s 2 z ]Y  = 0 (3.69)

The (a, q) p lane is  d iv id ed  into reg io n s of s ta b ility  and 

in s ta b ility  w ith  r e s p e c t  to the so lu tio n s  o f equation  (3 .6 9 ). On the char

a c te r is t ic  c u r v es  w h ich  sep a ra te  th e se  r eg io n s , so lu tio n s  a re  stable  

and p e r io d ic . F o r  any g iven  va lu e of the con stan t q, th e se  ch a r a c ter 

i s t ic s  defin e an in fin ite  num ber of d is c r e te  v a lu es  of a, in the form  of 

p o ly n o m ia ls  in q, for  w hich  a p e r io d ic  so lu tion  e x is t s .  In the present 

a p p lica tio n  to equation  (3 .6 8 ), th is  o f fe r s ,  in p r in c ip le , a m ean s of 

s e le c t in g  a s e t  o f e ig e n -v a lu e s  of the sep a ra tio n  con stan t, s 2. However,
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co m p a r iso n  of equations (3 .68) and (3 .6 9 ) sh ow s that th is  constant a p 

p ea rs in  both  the p aram eters a  and q and th is  s itu a tio n  requires  

sp e c ia l  tr ea tm en t.

H a ssa n  (unpublished p e r so n a l com m u n ica tion ) has so lved  

the S to m m e l problem , i . e .  , eq u ation  (3 .18) w ith  boundary conditions  

(3 .2 9 ), for  v a lu es  of J3 both co n sta n t and p ro p o rtio n a l to  the sine of 

the la titu d e , using  an itera tiv e  p r o c e s s  on a f in ite  d ifferen ce  app roxi

m ation  to  th e v o rtic ity  equation . F o r  th e  v a r ia b le  -J3 situ ation , the 

ch ie f d if fe r e n c e  from  the s tr e a m lin e  p a ttern  o f fig u re  3.1 found was a 

p o lew ard s sh ift of the cen ter o f  the c ir c u la tio n  g y re  accom panied  by 

an in c r e a s e  in  the total rate o f c ir c u la tio n . In the S tom m el a n a ly s is , 

the boundary value problem  le d  to a co n tr ib u tio n  to  the fin a l solution  

from  th e y-d ep en d en t sep a ra ted  eq u ation  in the fo rm  of a sin e function. 

It is  co n je c tu r ed  that the p er io d ic  so lu tio n  o f th e M athieu  equation 

w hich m o s t  c le a r ly  r e se m b le s  th is  con tr ib u tion  is  the s in e -e ll ip t ic  

M athieu fu nction  of even ord er  w h ich , a s  th e v a lu e  o f the param eter  

q is  m o v ed  aw ay from  zero , fin d s it s  m a x im u m  v a lu e  d isp la ced  from  

s in u so id a l sy m m etry  tow ards h ig h er  v a lu e s  o f the argu m en t (for e x 

a m p le , s e e  Jahnke and E m de, 1945, f ig . 177). T he nature of the 

r e s tr ic t io n s  im p osed  on the m a th e m a tic a l s y s te m  conseq uen t on the 

a r b itr a r y  ch o ic e  of the x -d ep en d en t m e m b er  o f the sep a ra ted  solution  

in th e fo r m  of equation (3.64) a ls o  r e m a in s  to  be c la r if ie d . It m ay w ell 

be th at an a rb itra ry  choice of th is  n a tu re  d en ie s  a c c e s s  to  solutions of 

the o r ig in a l p artia l d ifferen tia l equation  w h ich  w ill  s a t is fy  certa in  

c la s s e s  of boundary conditions, and m eth od s of so lu tio n  other than 

the se p a r a t io n  of variab les m u st be sought. In th is  connection , it is
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noted  that an attem pt to find a so lu tion  by operating  on the p a rtia l 

d ifferen tia l equation w ith  the L ap lace  tra n sfo rm  a lso  le d  to  a form  

of the M athieu equation for the tra n sfo rm  of the s tr ea m  function, 

but it  again  b ecam e u n certa in  how to p ro ceed  u se fu lly  b eca u se  of 

p rob lem s with the boundary con d ition s. It is  hoped to com p lete  th is  

a n a ly s is  la te r .

In p a ss in g , it  m ight be noted  that the quantity (fi/K ), w hich  

ap p ears in equation (3 .68) for in s ta n ce , is  r e la ted  to the " C o r io lis -  

fr ic tio n  w ave num ber" in trod u ced  by Munk (1950, p. 81) a s  an im 

portant c h a r a c te r is t ic  p a ra m eter  in  h is h igh er ord er lin ea r  c ir c u 

la tion  m od el.

3.5 E xten sion  of the S tom m el a n a ly s is  for  an a rb itra ry  wind f ie ld  

In the S tom m el a n a ly s is  of s ec tio n  (3 .2) a r e la t iv e ly  s im p le  

c lo se d  form  for the s tr e a m  function  so lu tion  w as due e s s e n t ia lly  to  

the p a rticu lar  e x p r e ss io n  ch o sen  to r ep re sen t the app lied  w ind s t r e s s .  

Since the m od els adopted a re  lin ea r  in the s tr e a m  function , h ow ever, 

an in fin ite  s e r ie s  so lu tion  m ay g en era lly  be found for any app lied  

w ind s t r e s s  d istr ib u tion  by expanding th is  d istr ib u tion  in a s e r ie s  

of c o s in e s .

Both to illu s tr a te  th is  p ro ced u re , and to em p h a size  the im 

p ortan ce of the r o le  p layed  by the sp a ce  d e r iv a tiv e s  of the app lied  w ind  

s t r e s s  function in the S to m m el-ty p e  m od el, the r e sp o n se  of equation

(3 .18) to a driving s t r e s s  function  w hich v a r ie s  lin e a r ly  in  the y -  

d irectio n  w ill now be stud ied . The s t r e s s  function  r ep re sen ted  by 

equation (3.70) w as ch osen .

Tx = F y + 1 ;  0 < y ^ b (3-7°)
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If the e v en  e x te n s io n  of th is  function in the ran ge -b <  y ^ ‘0 

be co n sid ered , tx  m ay  be r e p r e se n te d  by the Fourier c o s in e  s e r ie s

(3 .7 1 ).

OO

T
X IT

8 (3.71)
n= 1, 3, 5, • • •

T h is  s t r e s s  function has b een  d e s ig n e d  to be sim ilar  in  fu n ctional

fo r m  to  S tom m el1 s d r iv in g  fu n ction  (3 .30). The S tom m el p ro b lem  

m a y  now  be rew ork ed  for  ea ch  te r m  of (3.71) in s u c c e s s io n , the  

v a r io u s  term s y ie ld in g  a seq u e n c e  of solutions to the v o r t ic ity  equation

(3 .1 8 ) each  of w hich has the fo rm  (3 .72 ).

the p o s it iv e  odd in te g e r s ,  w ill  d efin e  the circulation f ie ld  responding  

to  the lin ear  driving s t r e s s  (3 .7 0 ). Som e idea of the ra te  o f c o n v e r 

g e n c e  of the s e r ie s  (3 .71 ) and th at obtained from  (3.72) m ay  be gained  

fr o m  fig u re  3.4 w h e r e in  is  p lo tted  the partia l sums

as fu nctions of N , w h ere  Tm r e p r e s e n ts  the m axim um  v a lu e  of the 

a p p lied  wind s t r e s s  (a t y  = 0 or b) and 4% rep resen ts the m axim um  

v a lu e  obtained by th e s tr e a m  fu n ction  for each partia l su m , N. The 

e v o lu tio n  of the c ir c u la t io n  p a ttern  as  a whole may be tr a c e d  through

3.5 to 3JO in w hich a r e  draw n the s trea m lin e  patterns d e r iv ed  from  the 

p a r tia l sum s for w h ich  N = 1 , 2 ,  3,  4, 10, and 20, r e sp e c t iv e ly . Superim posed

(3.72)

The sum  o f the e x p r e s s io n s  (3.72), as n ran ges o v er  a ll

N

(3.73)
n =l n=l
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Figure 3.4 Convergence of the F o u rier  s e r ie s  developm ent for the 
response of the Stom m el ocean d escrib ed  in F igure 3.1 
to a zon a lly -d irected  wind s tr e s s  which has a linear  
m eridional variation . Shown are the N t h  partia l sum s 
for the m axim um  value of the stream  function (upper) and 
the m axim um value d> the wind s tr e s s  (low er, dynes cm - ).
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on each  of th ese  m aps is  a rep resen ta tio n  of the corresponding p a r tia l 

sum  of the w ind s t r e s s  function . E x cep t for the value of the m a x i

m um  s tr ea m  function , the " first harm onic" (figu re  3.5) duplicates 

the g eo m etry  of S to m m el's  o r ig in a l so lu tion . The superposition on  

th is  p attern  of s u c c e s s iv e ly  h igh er ord er  h a rm o n ics , each of w hich  

contain s a g rea ter  num ber of g y r es  of d im in ish in g  am plitude, c a r r ie s  

the s tr e a m lin e s  of fig u re  3.5 through a s e r ie s  of sinuous perturbations  

c h a r a c te r is t ic  of p a r tia lly  co n v erg ed  F o u r ier  approxim ations (f ig u res

3.6 to 3. 9). B y the tim e  the 15th p a r tia l sum  has been form ed, the 

co n v erg en ce  is  v ir tu a lly  co m p le te , lead in g to the circulation  pattern  

of fig u re  3 .1 0 .

C om putations up to N = 30 y ie ld ed  no sign ifican t change in  

th is  s itu a tion , w hich  is  thus r e p re sen ta tiv e  of the resp on se  of a 

S tom m el ocean  to a zonal w ind s t r e s s  w hich v a r ie s  lin early  with  

la titu d e; that i s ,  to an a p p lied  w ind s t r e s s  cu r l w hich is everyw here  

constan t. In r e la tio n  to the con stan t value for J3 = 3 f/9 y  c h a r a c te r 

is t ic  of the S tom m el m od el, th is  s itu a tion  is  analogous to that of the  

Sverdrup m od el d r iven  by a zon al w ind s t r e s s  everyw here equal to  

the s in e  of the la titu d e , a ls o  m atch ing the b eh av ior  of the m erid ion al 

v a r ia tio n  of the C o r io lis  p a ra m eter  (equations (2 .36), et seq. , 

fig u re  2 .2 ). In each  c a se , the dom inant c h a r a c te r is t ic  of the in t e 

gra ted  c ircu la tio n  p attern s w as the m er id io n a l strea m lin e  trend. 

E ith er  an ex trem u m  of the w ind s t r e s s  cu r l or its  functional id en tity  

w ith the p lan etary  v o r tic ity , r e s u lt s  in the d isapp earance of the 

zonal tra n sp o r t, U, w ith con seq u en t defin ition  of the latitude of the  

cen ter  o f a c ircu la tio n  g y re . With the p r o g r e s s iv e  "spreading out"
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x 10"7
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10,2 0 , 3 0

2 0

10

y / b•15 •20•05

F i  g u r e  3 . 11  V a r i a t i o n  o f  th e  m a s s  t r a n s p o r t  s t r e a m  f u n c t i o n  ( c .  g. s .
u n i t s )  in  m e r i d i o n a l  s e c t i o n  a c r o s s  t h e  z o n a l  b o u n d a r y  
l a y e r  r e g i o n  b e t w e e n  " l a t i t u d e s "  0 a n d  0 . 2 b  at  " l o n g i t u d e "  
0 . 3 a  in the  F o u r i e r  s e r i e s  d e v e l o p m e n t  d e s c r i b e d  by  
F i g u r e s  3 . 5  t h r o u g h  3.10 .  I n d i v i d u a l  c u r v e s  a r e  d e r i v e d  
f r o m  p a r t i a l  s u m s  of  the  o r d e r  i n d i c a t e d .
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in  th e  m erid ional d irec t io n  of the m axim um  curl, fr o m  the c e n tr a l  

la t i tu d e  for the f irs t  p a r t ia l  s u m  in (5.41), to cover  the w h ole  

o c e a n  for  the infinite su m , it  i s  thus reasonable to e x p e c t  a 

c o m p a r a b le  m eridional s p r e a d in g  of the region in w hich  U = 0.

B e c a u s e  of the zonal b o u n d a r ie s  in  the Stom m el ocean , h o w e v e r ,  

it  i s  perhaps surprisin g  to  d i s c o v e r  that the re la t ion  U = 0 i s  s a t i s 

f i e d  o v e r  virtually the w h o le  o c ea n  area , the req u ir em en ts  o f  c o n 

t in u ity  being met by r e la t iv e ly  in ten se  zonal tran sp ort in n a r r o w  

and w e l l -d e f in e d  zonaly "boundary layers" . The d e v e lo p m en t o f  

the l im it in g  value of the m e r id io n a l  variation of the s t r e a m  fu nction  

a c r o s s  the lower of t h e s e  boundary  layers  is shown in f ig u r e  3 .11 .

It i s  probable  that in e r t ia l  e f f e c t s  in such a la y er  w i l l  no lo n g e r  be 

n e g l ig ib le  as was noted e a r l i e r  for the w estern  boundary r e g io n .

4. Introduction of the to p o g ra p h ic  vortic ity

4.1 The Neumann m o d e l

A further d e v e lo p m e n t  in the study of the p r o p e r t ie s  of the  

l in e a r iz e d  vertica lly  in t e g r a te d  hydrodynamic equations having  s im p le ,  

f i r s t  o rd er  exp ress ion  fo r  the fr ic t io n  was o ffered  by N eu m an n  (1955),  

w ho exam in ed  the e ffec t  of v a r ia t io n s  in total v e r t ic a l  ex te n t  of the  

w in d -d r iv e n  circu lation . R e sp o n s ib le  for new te r m s  a p p ear in g  in the 

v e r t i c a l l y  integrated v o r t ic i t y  equation is  the fo llow ing th e o r e m  g o v ern 

ing d ifferentiation  of a  d e f in ite  in teg ra l  whose l im it s  a r e  fu n ction s  of  

the v a r ia b le  of d ifferen tia tion . If f(£, T|) is  a con tin u ou sly  d if fe re n t ia b le  

fu n ction  in som e reg ion , and i j ( £ ) ,  have continuous d e r iv a t iv e s

o v e r  the range of £ for  w h ich  f  is  defined in this reg io n , and i f



then
S. 2

F 'U )  = J  | |  dr\ -  U  ffg. i i ]  + 1 4  f[£, ia] 
1 1

(4.2)

w h ere  p r im e s  r e fe r  to tota l d ifferentia tion  with r e s p e c t  to £ . P ro o f

of th is th eo r e m  r e s t s  on the chain rule and fundam ental th eo r e m  of the

in teg r a l  ca lcu lu s  (e. g. , Courant, 1937, p. 220). A lso  c a l le d  in the

a n a ly s is  fo llow ing  w il l  be a re la t io n sh ip  b etw een  the sp a ce  gradient of

the p r e s s u r e ,  the p r e s s u r e  being eva luated  on so m e  s u r fa c e  S(x, y),

i. e. , 8p /9 £ ,  w h ere  £ = x  or y, and the sp a ce  gradient, eva luated  on s
S, o f  the p r e s s u r e ,  i . e . ,  (9p /9£) . T his  re la t io n sh ip  is  approacheds
through the h y d ro sta tic  equation (3.1) fro m  w hich  the p r e s s u r e  at  

s o m e  point with coord inate  z m ay  be w ritten

S

The req u ired  re la t io n  i s  thus obtained fr o m  (4.4) and (4.5) as  (4.6).

(4.3)
z

w hence

(4.4)
z

On z = S (x ,y ) ,  h o w ev er ,  using  (4.2)

(4.5)
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N eum ann c o n s id e re d  the p r im a r y  equations of motion in the 

fo r m  (4 .7) and (4 .8).

_ f v = - + I  *  - K'u (4.7)p 9x p 9z ' 7

+fu = - I | E + I  J  - K ’v (4.8)p 3y p 3z

C o m p a r iso n  w ith  (2 .6 ) , (2.7), or with (3 .3 ) ,  (3.4) sh ow s that equations 

(4 .7 ) ,  (4 .8) a r e  th o se  u se d  by Sverdrup or by S to m m el,  augmented by 

a fr ic t io n a l  r etard in g  fo r c e  proportional to the v e lo c i ty .  The p r o 

ced u re  ou tlin ed  in p rev io u s  sections g iv e s  the in teg ra ted  transport 

equations (4 .9) and (4 .10).

I
. f V = - J  £ £ d z  + (TJ ,  - ( tJ _  - K'U (4.9)• x -D 

D

+ f U = - \  |2 - d z  + ( T )  - (t ) - K'V (4.10)
J  9y  y \  v y  d
D

The now fa m il ia r  p r o c e s s  of c ro s s -d if fer e n t ia t io n  and subtraction in 

th e s e  equations , w ith  the added contribution of equation  (4.2) regarding  

ij.' = D(x, y) and i ^  ~  %>(x > y )> gives a v o r t ic ity  equation  of the form (4.11).

f( § f  + 57 ) + k '(1 j  ' 5 ? )+V 57" c u r lz <T>t + c u r lz<T>D

M organ (1954) has dem onstrated  that it  is  im m a ter ia l  to the 

f in a l r e s u l t  w h eth er  the curl of the equation  of m otion  i s  taken first  

to be fo l lo w ed  by in tegra tion  over depth, or w h ether  the reverse  order 

of o p era tio n s  i s  u sed , a s  above. He w arn s  (p. 2) h ow ev er ,  that the



78

la t t e r  p r o c e d u r e  "is e sp ec ia lly  apt to in trod u ce  e x tr a n e o u s  t e r m s " .

The e x p r ess io n  in square b rack ets  both  in  the a b ove  a n d  in  

fo l lo w in g  equations w ill be retained i f  the a n a ly s i s  is  p e r fo r m e d  in  

s p h e r ic a l  coord in ates  so that

and w i l l  d isap p ear  if x  and y r e p re sen t  p lane C a r t e s ia n  c o o r d in a te s .  

T h e fo l lo w in g  s im plify ing  operations w ere  then  p e r fo r m e d .

(a) T he tra n sp o rt  divergence in the f i r s t  t e r m  of eq u a t io n  (4 .1 1 )  

w a s r e f e r r e d  to the appropriate continuity eq u ation  (2 .18) or  (2 .4 8 ) ,  

depending on the referen ce  fram e.

(b) T he in tegrated  equation of m otion  (4 .9 )  w a s  u s e d  to  e l i m i 

n ate  the p r e s s u r e  dependent term  within sq u a re  b r a c k e ts  in  e q u a t io n

(c) An assu m p tion  that the sea  s u r fa c e ,  £,, i s  i s o b a r ic ,  p e r m it s  

th o se  t e r m s  in (4.11) which contain p r e s s u r e  g r a d ie n ts  at th e  s u r f a c e  

to  b e  dropped.

With th e s e  operations, equation (4 .11 )  m a y  be r e d u c e d  to  (4.13).

The n u m e r a ls  in  square brackets a r e  id e n t i f ic a t io n  in d ic e s  e x p la in e d  

la t e r .

Equation  (4.13) corresponds to eq uation  [8 ] o f  N eu m an n  

(1955 , p. 12), ex cep t for a term  (4.14).

9x = R co s$  9 \  and 9y = R 9^ (4 .12)

(4 .1 1 ) .

curl (t )». + c u r l  (t )

(4 .13)

[7] [5] [3] [4]



for which the p r e se n t  a n a ly s is  has fa i led  to account.

The cu s to m  of identify ing the v ecto r  (t)^ with the s t r e s s  of

the wind acting on the se a  su r fa ce  w as continued in th is a n a ly s is .  

T rea tm en t  o f  the vector  (t )^  depends on the p h y s ica l  nature a s s ig n e d  

to the su r fa ce  D. If D is  a s o l id  su r fa ce  w ith  a fr ic t io n a l boundary  

la y e r ,  the bottom  s t r e s s  m ay be m o d e lle d  as a quantity proportional  

to the tota l o v er ly in g  tran sp ort  as did S tom m el in equation (3.7), here  

w ritten  as equation (4.15).

w h ere  K" is  a constant fr ic t io n a l co eff ic ien t .  This p erm its  the fo llow 

ing adjustm ents  to be m ade to c er ta in  te r m s  in equation (4.13):

pretation  of D as a su r fa ce  of no m otion  d er iv ed  naturally  fro m  an 

in tera c tio n  b etw een  the earth 's  rotation  and b a ro c l in ic ity  in the f ie ld  of 

flow due to d ensity  s tra tif ica tio n . T h is  su r fa ce  w as co n s id e re d  to l ie  

ev ery w h ere  above the s o l id  o cean  bottom . In p articu lar , Neumann  

id en tif ied  D with the "depth of no motion" postu la ted  by Defant (1941) 

as an in terp re ta tion  of a r e fe r e n c e  le v e l  for "dynam ical com putations"  

b a se d  on th e  o b se r v e d  o cea n ic  m a s s  d istr ibution . In th ese  com putations,

(4.15)

(4 .16)

(4.17)

w h ere K = K 1 + K" (4.18)

N eum ann w as ch ie f ly  con cern ed , h ow ever , with an in t e r -
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the (geostrophic) v e lo c i t y  typ ically  app roaches  the a s s u m e d  z e r o  le v e l  

asym ptotica lly  w ith  in c r e a s in g  depth, so  that the v e r t i c a l  v e lo c i ty  

shear, and h en ce  th e  h or izon ta l s t r e s s  ten d s  to z e r o  a s  z tends to D. 

Such con s id era t ion s  p ro m p ted  Neumann (1955, pp. 9, 16) to  r e g a r d  the  

surface  D as e q u iv a len t  to "a rigid f r ic t io n le s s  boundary" at w hich  

"the s tr e s s  • • - m u s t  vanish" . If (t)j-j = 0, s u b s ta n t ia l ly  the s a m e  

m odifications to  eq u a tio n  (4.13) may be m ad e  as  a r e  in d ic a te d  by 

equations (4.15) to  (4 .1 7 ) ,  but with d ifferent v a lu e s  o f  the c o e f f ic ie n t  

of friction. M o tiv a ted  by  a feeling that fr ic t io n  w ith in  the body o f  the  

ocean should have  s o m e  dynamical in tera c tio n  w ith  the s lo p in g  lo w er  

boundary through the e f fe c t  of vert ica l s tr e tc h in g  on th e  v o r t ic i ty  

balance, N eum ann h a s  reta in ed  D -dependent t e r m s  in  th e  com ponent

(4.19) of (4.13):
[3] [4]

9pP  3D _ 3D , 4
3y 3x 3x 3y

which w ill be c a l le d  the "topographic vortic ity" .

This r e ten t io n  has been a c co m p lish e d  th rou gh  an argu m en t  

which w ill  not be r e v ie w e d  in detail h ere . E s s e n t ia l l y  i t  c o n s id e r s  

the hydrodynam ical equations (4.20) and (4 .21) for  s o m e  p a r t ic u la r  

l e v e l  within the c ir c u la t in g  water fo llow ed by c e r ta in  a s s u m p t io n s ,  

the introduction of a p ar ticu la r  m ath em atica l fo r m  fo r  th e  v e r t ic a l  

veloc ity  p rofile ,  and p a s s a g e  through a l im it in g  p r o c e s s  d es ig n ed  

to render the a n a ly s i s  independent of th is  p a r t ic u la r  f o r m .  The tr a n s 

form ations e m p lo y e d  to  d er iv e  the var iab le  depth v o r t i c i t y  equation in 

Neumann's final f o r m  (4 .27) from  equation (4 .13) m a y  b e  fo l lo w e d  by

the identifying n u m b e r s  appearing in square  b r a c k e ts  un der  t e r m s  in

(4.13) and s u c ce e d in g  equations.
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The equations (4 .20) ,  (4 .21) m entioned  above w e r e  w r itten  

by N eum ann (1955, eqn. 27) for z = h as:

9Pi
9x

[4]

9ph
~ W
[3]

9t
r —  , X

" f p v h + T i - - K'u, 
h h

[4a] [4b] [4c]

9t

f p u h + - 5 ? - K'v, 
h h

[3a] [3b] [3c]

\  Ph (4-20)

{ ?  ph 37} (4.21)

N eum ann's equations[27] om it  the la s t  te r m s  (in cu r ly  b ra ck e ts )  

w hich a r e  r eq u ired  by equation (4 .6). T h ese  t e r m s  a re  lo s t  in s u b 

seq uent m anipulation , h o w ev er . The appearance of the a v e ra g e  

d en s ity , p, in the equations above , rather  than the d ensity  at the 

depth h, p^, m e r i t s  com m en t. T h is  q u es t io n  i s  a l l ie d  to the a p 

p rox im ation  (4.22)

& &

{ y }  = y  p { ^ } d z - * p j  { ^ } d z  (4.22)
D D

im p lied  by the re la t io n s  fo llow ing  equations [2b] and [2 1 a] in  the

o r ig in a l  publication . T h is  la t ter  app rox im ation  w il l  p resu m a b ly  be

to le ra b le  so  long as  A p /p  < <  A u /u  or  A v /v .

The depth z = h w as c h o sen  so  that

{ vH S d  <4-23>

T his  equation im p lie s  that the v e lo c i ty  v ecto r  at z = h is  p a r a l le l  in  

d irect io n  to the in teg ra ted  tra n sp o r t  v ector  and (1/ pD) t im e s  its  

m agnitude.

It m ight be argued  that such  a depth does  not n e c e s s a r i ly
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e x i s t  in  the general c a s e ,  n or  that it  i s  n e c e s s a r i ly  c o n s is ten t  w ith  

the p a r t ic u la r  v e lo c ity  p r o f i le  c h o s e n ,  i. e . , Neumann's equation  [22], 

rep ro d u c ed  h ere  as equation  (4 .24):

Substitution of th e s e  eq u ation s  into the term  (4.19) o f  equation

(4.13) and p assage  through a l im it in g  p r o c e s s ,  corresponding to  

n -*■ oo in  equation (4.24) and adop tion  of the transport s t r e a m  function  

(2 .55) ,  (2 .56) ,  finally d e r iv e d  the v a r ia b le  depth vortic ity  equation

(4 .27)  w hich  form ed the b a s i s  of N eum ann 's  subsequent d is c u s s io n .

(4.24)

w h ere  c i s  the magnitude of the v e lo c i ty  v e c to r ,  cq is  a co n sta n t ,  and  

n is  a p o s i t iv e  integer.

U se  of equation (4 .23) in  equations (4.20) and (4.21) and the  

a s su m p t io n  [ 9 t / 8 z ] ^ =  t ^ /D ,  y ie ld s  equations (4.25) and (4 .26 ) .

(4.25)

[4] [4a] [4b] [4c]

[3] [3a] [3b] [3c]

(4 .26)

[1] [2] [3a] [4c] [4a] [5] [3c]

c u r l  t + (4.27)

S t r e s s  term s in (4 .27) a r e  un derstood  to be r e f e r r e d  to  the

fr e e  s u r fa c e ,  £.
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Comparison of equations (4 .13) and (4 .27) sh o w s  that the 

la tter  stages of Neumann's d er iv a t io n  a r e  eq u iva len t to th e  fo llow ing  

substitution:

8pD 9D 8pD 9D 1 8D / m , 1, v  1 .
"5ST W  ' "^7 9^ = P  ^  (fU K V " Ty } + D ( f V "KU

t C
l
D f  ®£ dz - f  dz 5x J cFy Wy J  5x

D

w here use has been made of equations (4 .9 )  and (4 .10) .  If p^ = 0 

and theorem (4.2) is  in troduced , th is  su b stitu tio n  for th e  top ograp hic  

vortic ity  term  becom es

3P 9D _ 9P  9D 
cbc <Jy Fy Ex (4 .28)8pD 9D _ 9pD 3D 1

3x Ey 3y 5 x  P

&

w here P = ^  p dz
D

and physical justification of the su b stitu tio n  (4 .2  8 ) w ou ld  p ro v id e  a 

derivation of equation (4.27) m o r e  a c ce p ta b le  to the p r e s e n t  study.

The nature of the l im it in g  p r o c e s s  e m p lo y ed  i s ,  a s  N eum ann  

rem arks (1955, footnote 2, p. 17) su ch  thalJ'with th is  app roach  in a 

v ery  thin layer above the depth D a s tro n g  v e r t ic a l  v e lo c i ty  grad ient  

m ust result, w hereas im m e d ia te ly  at th e  la y e r  D the v e lo c i t i e s  van ish ."  

This imposition of a strong v e r t ic a l  sh e a r  of h o r izo n ta l  v e lo c i ty  in  the  

neighborhood of D does not s e e m  to be co m p a tib le  w ith  p rev io u s  

assum ptions that the s t r e s s  at D m u st  van ish , and fu r th er ,  ap p ears  

to reduce the problem  to that of a h om ogen eou s  o cean  w ith  a fr ic t io n a l  

boundary layer overlying a r ig id  bottom . In su ch  a c a s e  the top ograp hic



84

term , (4 .19) ,  w il l  e x e r t  its  fu ll in f lu en ce  in the v o r t ic ity  equation, 

s in c e  the p r e s s u r e  gradient at the lo w e r  boundary w il l  be wholly  

b a la n ced  by the fr ic t io n a l fo r c e s  to g ive  a condition of no motion.

In the c a s e  of r e la t iv e ly  w eak d en s ity  s tr a t if ic a t io n ,  so  that pressure  

grad ien ts  induced  by the wind at the s e a  su r fa c e  s t i l l  r ea ch  to the 

p h y s ic a l  bottom , then the topographic  contribution  to the vortic ity  

b a lan ce  w i l l  be "diluted" a ccord in g  to the d eg ree  of baroclin ic ity .

With b a r o c l in ic  conditions su ff ic ie n t ly  w ell d eve lop ed  for the formation  

of a "natural" depth of no m otion , f r e e  from  the co n stra in t  of the 

p h y s ic a l  bottom  and without s t r e s s ,  or v e r t ic a l  grad ient of s tr e s s  in 

the neighborhood of th is  depth, as  m o d e lled  by N eum ann (1955), then 

the h o r izo n ta l  p r e s s u r e  gradient at the depth of no m otion  m ust  

vanish . In th is  c a s e ,  sub stitu tion  of equation (4.6) into (4 .19) shows 

that the topographic  v o r t ic ity  t e r m  v a n ish e s  ex a ct ly .

The c a se  of b a lan ce  b etw een  fr ic t io n  fo r c e s  at the "natural" 

depth of no m otion  m ight be c o n s id ered . In su ch  a c a s e ,  at lea se  one 

of the equations of m otion  (4 .7 ) , (4 .8) w il l  be of the form

± | P  + A ^ :  = 0 at z = D (4.29)
9z

w h ere  92 u / 9 z 2  ̂ 0, by h y p o th es is .  But s in c e  u = 0 at z = D, by 

defin ition , e ith er  (a) |u |  > 0 for z ^  D, in con trad ic tion  to the 

defin it ion  of D as  the lo w er  boundary of the w in d -d r iv en  circulation.

No p r o v is io n  is  m ade in the m od el for  the co n s id e ra t io n  of other d r iv 

ing m e c h a n is m s ,  such  as  th erm o h a lin e  fo r c e s ;  or (b) 9 p /9 z  exhibits 

discon tin u ity  in z -d ep en d en ce  at D with
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£  0 for  z > D
(4 . 30)

= 0 for z < D

W hile there is  no fu n d am en ta l p h y s ic a l  objection  to the

a c c e p t a n c e  of a f ir s t  ord er  d isc o n t in u ity  in  the o cea n ic  p ressu re  

f i e ld ,  i t  d o es  rep resen t rather  a s p e c ia l  d y n a m ic a l  situation, and 

th e  m o t io n  i s  not su g g est iv e  of the s i tu a t io n  co m m o n ly  described

m o t io n  fr o m  "dynamical com p u tation s"  w hich , as  noted above, d e 

r iv e  h o r iz o n ta l  ve loc ity  com p on en ts  ap p ro a ch in g  the "Defant level"

d y n a m ic a l  situation tends to that d e s c r ib e d  ab ove  for the fr ic t io n less  

depth  of no m otion in w hich  the to p o g ra p h ic  v o r t ic i ty  term  disappears  

e x a c t ly .  It should be noted that the p r o c e d u r e  adopted by Sverdrup  

(1947 ) and by Munk (1950) of v e r t i c a l  in te g r a t io n  of the equations of 

m o t io n  b e tw een  the su r fa ce  and s o m e  co n sta n t  l e v e l  which e v e r y 

w h e r e  l i e s  below  the natura l depth of no m o t io n  m u st  a ssu m e  that 

th is  top ograp h ic  term  is  un im portan t.

eq u a t io n s  w ritten  for a p a r t ic u la r  depth, and  to  particu lar  ve locity -  

depth re la t io n sh ip s ,  as a m ea n s  fo r  m an ip u la tio n  of the vertica lly  

in t e g r a t e d  vortic ity  equation is  u n d e s ir a b le .  A s  Neumann notes  

(1 9 5 5 ,  p. 16) . . with the v e r t i c a l l y  in te g r a te d  equations of

m o t io n ,  the v ert ica l p ro fi le  is  m e a n in g le s s ."  h o w ev er , exception  

i s  ta k en  to  the next sen te n c e  w h ich  i s  o f f e r e d  as a co ro llary  of the 

a b o v e  p r in c ip le ,  viz. "It s e e m s  p o s s ib l e  to  introduce any a r t i 

f i c i a l l y  defin ed  ve loc ity  p r o f i le  that g iv e s  th e  s a m e  total m ass  

t r a n s p o r t  in the whole la y e r  as the  v e r t i c a l l y  in tegra ted  m ass

b y  ap p ly in g  Defant's m ethod for  th e  id e n t if ic a t io n  of the depth of no

a s y m p t o t ic a l ly  with 92u / 8 z2 —► 0 a s  z —►D. In such  c a s e s ,  the

T he general p h ilosophy  o f  a p p ea l  to the hydrodynamic
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tra n sp o r t  of the true v e lo c ity  p ro f i le .  " Again (p. 17) it  i s  c la im ed :

"It fo l lo w s  that the v e r t ic a l ly  in teg ra ted  m a s s  tra n sp o rt  can be thought 

to be produ ced  by any equ iva len t v e lo c i ty  p r o f i le  in a non-hom ogeneous  

o cean  with a la y e r  of no m otion  as  the lo w er  boundary of the c i r 

culation . " The p r e se n t  w r ite r  f e e ls  that it  is  p o s s ib le  to prove that a 

unique s tead y  s ta te  v e lo c i ty  f ie ld  is  defined by a g iven s e t  of equations  

of m otion  and continuity, driv ing  wind s t r e s s  pattern , s id e  boundary  

condit ions, and in it ia l  m a s s  d istr ibution . If th is  i s  tru e ,  then for  

each  point (x, y) th ere  e x i s t s  a uniquely  defined  v e lo c ity -d e p th  p ro f i le  

with, under appropriate  c ir c u m s t a n c e s ,  its  p a rticu lar  depth D.

T his qu estion  is  d i s c u s s e d  further in a la ter  sec t io n ;  for  

p r e se n t  p u rp o ses  it  i s  su ff ic ien t  to s u g g e s t  that rather than being  

" m ea n in g le ss" , the fo rm  of the v e lo c i ty  depth p rofile  is  b e tter  d e 

sc r ib e d  as "lost" during the p r o c e s s  of v e r t ic a l  in tegration  but s t i l l  

uniquely im p lied  in the dynam ical s y s te m .  F r o m  this point of v iew ,  

then, the adoption of any a rb itr a r y  v e lo c i ty  p ro f i le  w il l  r e p r e se n t  an 

a r t i f ic ia l  d yn am ical con stra in t  on the s y s t e m  with conseq uent a r t i 

f ic ia l  d is tort ion  of the so lu tion . It i s  thus su g g e s te d  that the dangers  

in h eren t in the u se  of any n o n - in teg ra l  p r o p e r t ie s  a fter  the p r im a ry  

s e t  of dyn am ical equations has b een  in teg ra ted  vertica lly , should  

b e s t  be avoided. P r e su m a b ly ,  h o w ev er ,  the th ree  m o d els  ch osen  for  

a n a ly s is  in the p r e se n t  study have r e s o r te d  to v e r t ic a l  in tegration  of 

the equations of m otion  at an e a r ly  s ta g e  of p ro ceed in g s  b ec a u se  of 

the m a th em a tica l  d if f icu lt ie s  con seq u en t on the o m is s io n  of this s tep ,  

rather  than b e c a u se  of any p r im a r y  in t e r e s t  in the b eh av ior  of the 

v e r t ic a l ly  in teg ra ted  h or izon ta l tra n sp o rt .  S p ec ia l so lu t io n s ,  such
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a s  this la t ter  quantity or  e v en  steady  state conditions, should if 

p o ss ib le  a lw a y s  be obta ined  by the appropriate equation  on a solution  

of the hydrodynam ic p r o b le m  which yields the th r e e  v e lo c i ty  co m 

ponents each  as  functions o f  the three space v a r ia b le s  and of time. 

Som e p r o g r e s s  in  th is  f ie ld ,  u s ing  numerical m eth o d s , i s  reported  

by H assan (1961).

4.2 S u m m ary

B e fo r e  p r o c ee d in g  with an examination of s o m e  of the p ro 

p er t ie s  of N eu m an n 's  v o r t ic i ty  equation, a b r ie f  su m m a r y  of the 

them e of the l i t e r a tu r e  r e v ie w e d  in the foregoing study  w il l  be helpful.

1. Sverdrup  c o n s id e r e d  transport equations w h ich  com prised  

p r e ssu r e  g ra d ien t, C o r io l i s  and wind s tr e s s  t e r m s .  The vortic ity  

equation d e r iv ed  fr o m  t h e s e  equations e x p r es se s  b a la n ce  between  

planetary and a n em o g ra p h ic  t e r m s .  A steady s ta te  so lu tion  for the 

v er t ica lly  in teg r a te d  w in d -d r iv e n  circulation w as c o n s tr u c ted  extend

ing w estw ard s  fr o m  a m e r id ia n  at which this tr a n sp o r t  m ay be a rb i

tra r i ly  sp e c if ie d .

2. S to m m el in c lu d ed  a fr ic t ion a l term  p ro p o r t io n a l to the trans

port in his equations and d e r iv e d  an express ion  for  v o r t ic i ty  balance 

among p lan etary , a n e m o g ra p h ic ,  and frictional t e r m s .  T h is  additional 

te r m  enabled a c ir c u la t io n  pattern  to be co n stru cted  w ith in  a closed  

boundary. S p e c if ic a l ly ,  the w ind-driven  tran sp ort w a s  defined for a 

rectangular o cea n  of co n sta n t depth, and a strong zon a l asym m etry

in the c ircu la t io n  g y r e  lead in g  to a crowding of s t r e a m l in e s  along 

the w e ste r n  boundary (" w estw a rd  intensification") w a s  found to be 

due to the v a r ia t io n  w ith  la titu d e  of the C orio lis  p a r a m e te r .
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3. B r ie f  m en t io n  w as m ade of the w ork  of Munk who a ls o  c o n 

sidered  a v o r t ic i ty  equation  co m p o se d  of p lan etary , an em o g ra p h ic ,  

and fr ic tional e le m e n ts .  C o n s id era t io n  of a m o r e  s o p h is t ic a te d  

expression  for in teg r a te d  la te r a l  fr ic t io n a l  fo r c e s  p ro p o rt io n a l to  

the second d e r iv a t iv e  of the tra n sp o r t  p e r m it te d  m o r e  p h y s ic a l  r e a l 

ism  to be in c o r p o r a te d  into  the boundary co n d it io n s ,  and y ie ld e d  a 

complex w e s te r n  boundary tra n sp o rt  s tr u c tu r e  w hich  con ta in ed  an 

offshore s tr e a m  m ovin g  counter  to  the m ain  boundary flow.

4. N eum ann has re ta in ed  the s im p le r  e x p r e s s io n  for  fr ic t io n  

introduced by S to m m e l,  although with d ifferen t in terp re ta t io n , but 

added a fourth m e m b e r  to the fa m ily  of v o r t ic ity  e le m e n ts  d e r iv ed  

from varia tion s  in the depth of c ircu la t in g  w a ter .  The p r e s e n t  

study su ggests  that s o m e  r e s tr ic t io n s  m ay  be n e c e s s a r y  on the  

original in terp re ta t io n  o f th is  top ograp hic  e ffect .

In a n u tsh e ll:

r ic t io n

topography

-  MUNK

NEUM ANN -

ST O M M El

SVERDRUP

5. The obviou s e x te n s io n  s u g g e s t s  i t s e l f  of applying Munk's  

enrichment of S t o m m e l1 s m o d el to  N eu m an n 's  a n a ly s is ,  i. e . , by  

replacing the q u es t io n  m a rk  in the lo w er  r ight hand b ox  of the above  

diagram by a m o d e l  including  p la n eta ry  and a n em o g ra p h ic  v o r t ic i t ie s  

together with N eum ann top ograp hic  and Munk fr ic t io n a l  t e r m s .
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5. V aria tions  in the o cea n ic  v o r t ic ity  ba lan ce

S tom m el (1948) has shown how the rate of change of the  

C o r io l is  p a r a m e te r  with la titude, w il l  produce a westward in ten s if ica t io n ,  

or zonal a s y m m e tr y ,  in the v e r t ic a l ly  in tegra ted  circulation pattern  

induced in a rec tan gu lar  o cean  of constant depth by a pattern of ap p lied  

wind s t r e s s  s y m m e tr ic a l ly  r e la ted  to the o cean 's  boundaries ( s e c t io n  3 

of the p r e se n t  study).

N eum ann (1955) has co n s id e re d  the consequences  of a 

v a r ia b le  depth ocean  on the v o r t ic ity  b a lan ce , and has p ostu la ted  that 

th is  ba lance  m ay  be m od if ied  by te r m s  involv ing  the space grad ien ts  

of the e f fe c t iv e  depth of the o cean  (se c t io n  4 of the present study).

The p r im a r y  in fluence  of the p lan etary  v o r t ic ity  may thus be e ith er  

enhanced, p a r t ia l ly  or c o m p le te ly  ba lan ced , or even o v e r -c o m p e n sa te d  

for , depending on the e f fe c t iv e  o cea n ic  bottom  topography in te r m s  

of th e s e  id e a s .  N eum ann further  su g g e s te d  that, in a s tr a t if ie d  ocea n ,  

i f  the depth of the p h y s ic a l  bottom  is  su ff ic ien t ly  great in re la t io n  to  

the v e r t ic a l  d en s ity  g ra d ien ts ,  th is " e ffec t iv e  depth" c h a ra cter iz in g  

the "topographic  v ortic ity"  would be the low er  boundary of the wind  

induced c ircu la tio n . E v id en ce  w as p r e se n te d  to suggest that this  

low er  boundary u n d ergoes  a natural adjustm ent over m uch o f the  

w orld  ocean  w hich  la r g e ly  b a la n ces  the p lan etary  vorticity.

The full v a r ia b le  depth v o r t ic ity  equation (4.27) i s  too  

g en era l  for  an a ly t ic  so lu tion  as  it s tan d s. The following s e c t io n  w il l  

study cer ta in  a n a ly t ica l  p r o p e r t ie s  of a v o r t ic ity  equation d er iv ed  

from  (4 .27), in troducing v a r io u s ly  defined topographic e f fe c t s .
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F ir s t ly ,  e x a m in a t io n  m a y  be made of the rates at w hich  

westward in te n s if ic a t io n  o f f lo w  and the total circulation change in  

a m erid ion ally  bounded o cean  as the magnitude of the co e ff ic ien t  of  

d ^ / d x ,  which con ta in s  the p la n eta ry  vortic ity  term , is varied . An 

elem entary  s ta r t in g  point for  su ch  an an alysis  i s  the m odel of 

Stommel (1948), a n a ly z e d  in s e c t io n  3 of the present study. A v o r 

tic ity  equation w as  d e r iv e d  w h ich  d escr ib ed  the s tream  function, S&, 

of the v e r t ic a l ly  in teg r a te d  v o lu m e  transport in the form :

r - 3  T . 9f D 3'3Er 1 . -*• , r -
V ^  • T T  * q— -  -  T F  cu r l T (5.1)9y K * 9x K z '

For c o m p a r iso n ,  N eu m an n 's  equation (4.27), reduced to a 

flat ocean of co n sta n t depth, b e c o m e s :

V s*  +  =  -  ^ c u r l  7 (5.2)K a y  a x  K  z  ' '

The re la t io n  (5 .3 ) b e tw een  the coeffic ients  of fr iction K and  

K* in the above equations shou ld  be noted, s ince  the absolute  va lu e  

of the depth, D, a p p a ren t ly  o c c u r s  in that of Stommel (5.1).

T 7
1^.3)

K -  r ^ ~  n

i. e, S to m m el's  c o e f f ic ie n t  o f  fr ic t io n ,  K , is  proportional to the to ta l

depth of the c ir c u la t in g  w a te r .  N u m er ica lly ,  however, the c o e f f ic ie n ts  
/ 3 f  9^Aof the term  i-n equations (5 .1) and (5.2) w ere  equal co n sta n ts

( = 1(T6 sec"1 ) in  the  e x a m p le s  d is c u s s e d  by both authors.

S to m m el's  so lu t io n  of equation (5 .1 ) ,  the boundaries of w h ich  

form  a s tr e a m lin e  w ith  ^  = 0, i s  w r itten  from (3.43) for a square  

ocean, with a = b, to  s im p l i fy  notation without lo s s  of g en era li ty  for  

the p resen t p u rp o se .
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,T, F a  . /ir Ax , Bx , ,  /r ..
riT* 8in ( a y JlPe qe  ̂ *5,4)

w h ere  p, q, A, and B w e r e  defined in s e c t io n  3.

The b eh av ior  of the m ax im u m  value of the s tr e a m  function, 

as the m agnitude of a, the c o e f f ic ien t  of O^/Ox in equation (5.2)  

is  red u ced , and w il l  now be in v es t ig a ted . T his  w i l l  g ive  a f ir s t  

ap p roxim ation  to the balancing of the p lan etary  v o r t ic ity  by the p r o 

g r e s s iv e  d evelopm ent of a topographic  t e r m  in the v o r t ic ity  equation.

U se  of equation (3.53) w hich lo c a te s  the a b s c i s s a  of the m a x i 

m um  of the S to m m el function in  equation (5.4) p e r m its  ca lcu la tion  of 

the v a r ia t io n  of th is  m ax im u m  value as a function of the va lue  of the 

p a ra m e te r  a. The r e s u lt s  of such  com putations for sq u are  ocean s  

of v a r io u s  d im en sio n s  a re  p lotted  in f igu re  5.1 . F ig u re  5.2 d e 

s c r ib e s  the a s s o c ia te d  var ia tio n  with a of the a b s c i s s a  of the s tr e a m  

function m ax im u m . The in f lu en ce  of rec tan gu lar  b ou ndaries  other  

than sq u are  m ay  be e s t im a te d  fro m  the c u rv es  in f igu re  3.3.

F o r  a la r g e  ocean  b as in , it  m ay be s e e n  that, a s  the m agnitude  

of the c o e f f ic ie n t  a is  d e c r e a s e d  fro m  g eo g ra p h ica lly  "natural"  

m a x im u m  of 10™7 c. g. s . units to z er o ,  the m a x im u m  va lue  of the  

s tr e a m  function sh ifts  to the cen ter  of the b a s in  fro m  a d is ta n ce  of 

about 0.1 of the to ta l b a s in  width fro m  the w e s te r n  boundary. At the 

s a m e  t im e ,  the m a x im u m  value of the s tr e a m  function is  in c r e a s e d  

n e a r ly  th r e e - fo ld .  T h e se  e ffe c ts  d im in ish  with d e c r e a s e  in ocean  

d im en sio n s  as  the rota tion a l e f fec ts  b e co m e  l e s s  im portant.

To d is c u s s  the balancing p r o c e s s  b etw een  the p lan etary  and  

topographic  t e r m s  in m o re  d eta il ,  the p r o p e r t ie s  of a s im p le  m od el
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b a s e d  on the v a r ia b le  depth v o r t ic ity  equation (4 .27) w i l l  now b e  con

s id e r e d ,  lea v in g  for  la te r  con sid eration  objection s a lr e a d y  m e n 

tion ed  co n cern in g  i ts  d er iva tion .

O m iss io n  o f t e r m s  rep resen tin g  co n v erg en ce  of m e r id ia n s  

on a s p h e r ic a l  earth  r ed u c es  equation (4.27) to:

v?2vr, . l A  9f  f 8 D 1 8 D\ 9 t f  , /  f  8 D
+ 57 " K S  5 7  ■ rn5x"y The ( KT> 3x '

1 , — , 1 /  8D 8D
K c u r lz T + K D ^ y 8 x  ' Tx 8y8D^ (5.5)

The fo llow in g  d is c u s s io n  w ill  arb itrar ily  m o d el the bathym etry  

of the lo w e r  boundary a s  a function of y only, and w i l l  r e ta in  only  

the su r fa c e  s t r e s s  com ponent tx ,

t r y 2 .-r,. f / I  8f 1 8 D \ 8 ^  1 8 D 8 $  1 . — Tx  8D /c
v  k ( j 5 7 '  d  U S 7  W f =  ■ K c u r lz T" KD 3 7  (5-6)

C o m p a r iso n  of the m o d e l  equations (5 .2) and (5 .6 ) sh ow s that 

i f  the c o e f f ic ie n t  of 8S&/ 8x  is  con sid ered  to be red u ced  in m agnitude  

through the d ev e lo p m en t of a m erid ionally  s lop in g  lo w er  boundary,  

then the " e ffe c t iv e  w ind s t r e s s  curl" on the r ight hand s id e  of 

equation (5.6) w il l  a l s o  n e c e s s a r i l y  be modified. In c lu s ion  of the  

top ograp hic  v o r t ic i ty  fu rth er  com plicates  co m p a r iso n  o f  equation  (5.6) with 

(5 .1) or (5 .2 ) through the ap p earan ce  of a te r m  in th e  d if fe re n t ia l  

equation  s p e c i f ic a l ly  contain ing the zonal v e lo c i ty ,  8\&/ 8y. T he con

seq u en t m o d if ic a t io n  of the p r o p e r t ie s  of the s t r e a m  fu nction  w i l l  

now be c o n s id e r e d .

A ssu m in g ,  for the m o m en t ,  that one m a y  ind ep en dently  choose  

the f ie ld s  of w ind s t r e s s  Tx (y) and of the lo w er  boundary depth D(y),
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an e x p r e s s io n  for  D is  sought which will m ake the w h ole  c o e f f ic ie n t  

of dSt/ 9x  con stan t, in an effort to retain c o m p a r iso n  w ith  the w ork  

of S to m m e l  a s  far  a s  possib le; i. e. ,

(5 7)KD B y  ( '

w h ere  k i s  s o m e  constant.

S in ce  S tom m el considered a "beta-plane" c o n f ig u ra t io n  in

w hich

3f = (3 , a constant, (5 .8 )

the c o e f f ic ie n t  b e c o m e s

<5-9>

and th e  fo r m  of D(y) is  determ ined by

1 9D _ c 
D Sy " y (520)

w h ere  c = kK/|3 .

In tegration  g ives  the required depth var ia tio n ,

D = s | y C | (5.11)

w h ere  s i s  an a rb itr a r y  constant. The co e f f ic ien t  of 9M// 9x now  

b e c o m e s

y = | ( l - c )  (5 .12)

If a tten tion  is  confined to values of y >  0 , i .  e. , o v e r -  

c o m p e n sa t io n  of the planetary vortic ity  by the to p o g ra p h ic  t e r m  is  

ex c lu d ed , c w i l l  l ie  in the interval 0 < c <  1 ; p h y s ic a l ly  in t e r e s t in g  

lo w e r  bou ndary  configurations w ill,  in gen era l ,  sh ow  D m o n o to n ic

in c r e a s in g  w ith  y (i. e. , polewards). Whether the s e q u e n c e  of fu n ction s
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r e p r e s e n te d  by (5 .11) m ay  p o s s ib ly  be c o n s is te n t ly  app lied  to any 

w in d -d r iv en  c ircu la t io n  m o d e l when both th erm od yn am ic  and d y 

n am ic  r eq u irem en ts  a re  exa m in ed , i s  a qu estion  w hich  w il l  c o n 

v en ien t ly  be ig n o red  for  the t im e  b e ing , in favor  of a fo r m a l e x 

am in ation  of the p r o p e r t ie s  of the d if feren tia l  equation (5 .6).

T h is  equation  m ay  now be w ritten:

r i S . r ,  t 9 ^  C 9 \ & 1 / v-7 w \  X C  / c  1 o \v  * + Y Kr - y 5 7  = - K- ( V x , )z - - K--  -  (5.13)

The g e n e ra l  fo rm  of the c o m p lem en ta ry  function of equation

(5.13) m a y  be d eve lop ed  as  fo l lo w s:

The h om ogen eou s  equation

V 2 * + V I f  - f  | f  = 0 (5.14)

is  s ep a ra b le .  C on sid er  a so lu tio n  of the form :

^(x, y) = £(x) • r|(y) (5 .15)

w h ere  £ is  a function  of x  only , and T| i s  a function of y only.

D ifferen tia t io n  of (5 .15) and substitu tion  in (5 .14) y ie ld s :

n € | . + e d ! n + ^ , ^ . . £ ^ = 0  <5. i6>
dx2 dy2 1 y 3y

i .  e. ,

and

= O (5 .17)

^ 4  - £ ^!1 + M-2 T1 = 0 (5.18)
dy2 y dy

w h ere  p2 > 0 is  the s ep a ra t io n  con stan t ch o sen  for the p rob lem . The  

in teg r a l  of (5 .17) i s  (5 .19).
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(5.19)

w h ere

(5.20)

and

n (5.21)

and A, B are in teg ra tio n  constants  to be d eterm in ed .

Equation (5 .1 8 )  i s  a form  of B e s s e l ' s  equation , and it  may

b e  shown (e. g. , W y lie ,  I9 6 0 , p. 422) that it has fo r  g e n e r a l  in teg r a l:

w h ere  J^(t), Y v(t) a r e  th e  B e s s e l  and Neumann fu n ct io n s  r e s p e c t iv e ly ,  

of o rd er  v  where

V a lu es  of v of in t e r e s t  in  th is  d iscu ss ion  w il l  ran ge  fr o m  1/2 to 1, 

in c lu s iv e .  L, L' a r e  a r b i tr a r y  integration c o n sta n ts .

From  equations (5 .1 5 ) ,  (5.19), and (5 .2 2 ) ,  the c o m p le m e n ta r y  

function  of (5.13), or  the so lu tion  of (5.14), i s  g iv en  by equation  (5 .24) .

T he constants A, B , L, L' p erm it  application of bou ndary  condit ions  

to  a s s i s t  a choice o f s o lu t io n ,  appropriate to a p a r t ic u la r  p r o b le m ,  

fr o m  the multiple in f in ity  of functions r ep re sen ted  b y  eq u ation  (5 .24).  

F i r s t ,  however, a p a r t ic u la r  in tegra l of equation (5 .13) m u st  b e  found  

in  ord er  that boundary con d it ion s  m ay be applied  to the c o m p le te  

so lu tion . It thus b e c o m e s  n e c e s s a r y  to sp e c ify  the fu n ction a l fo r m

i! = y V [ L J v(p y) + L 'Y v(py)] (5.22)

v = i - ( !  + c ) ;  V = ^ - ( 1 - v ) (5.23)

*  = (A emX + B e nX)(L J v(py)+ L' Y v(py) ) y V (5.24)
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of the app lied  w ind s t r e s s  at th is  point in  the d is c u s s io n . F o llow in g  

S to m m el, a w ind s t r e s s  s y s te m  w ill f ir s t  be c o n s id e r e d  w hich  v a r ie s  

in  the y -d ir e c t io n  on ly  in such  a w ay a s  to m od el the e s s e n t ia l  

d ir e c t iv e  fea tu res  of lo w er  la titu d es e a s te r ly  w inds and h igh er l a t i 

tude w e s t e r l ie s .  A function  that sh ow s both th e se  c h a r a c te r is t ic s  

and the orthogon ality  re la tio n sh ip s  w ith  the y -d ep en d en t te r m s  in  

the com p lem en ta ry  function , thus lead in g  to a c lo se d  so lu tio n , is  

given  by equation (5 .25).

m axim um  m agnitude of the w ind s t r e s s .

With the u se  of equation  (5 .2 5 ), the v o r t ic ity  equation  (5.13) 

m ay now m ore  s p e c if ic a l ly  be defin ed  a s:

S in ce  equation  (5 .13) is  l in e a r  in \&, its  co m p le te  so lu tio n  is  e x 

p r e s s e d  by the su m  of the co m p lem en ta ry  fu nction  (5 .24 ) and the 

p a r ticu la r  in teg ra l (5 .27); the fo rm er  c o n s is t in g , in  g e n e ra l, of the  

l in e a r  com bin ation  of a ll  te r m s  lik e  (5 .24 ) r e su lt in g  fro m  the (as 

yet) a r b itr a r y  nature of th e in teg ra tio n  co n sta n ts; i. e. ,

t = 0
y

(5 .25)

w h ere is  such  that (p^b) is  the f ir s t - z e r o  of J y(t). F  is  the

A p a r ticu la r  in teg ra l of equation  (5 .2 6 ) is  g iven  by (5 .27):

(5 .27 )
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00

* = y V j '{ (A e m x  + B enx)(LJv(|iy) + L ,Y v( tiy ) } d li -  ^  J ^ y )  (5 . 28)
o

Side con d ition s w ill now be a p p lied  to  m ake the rectangular  

o cea n  boundary a s trea m lin e , v iz . :

* (x , 0) = 0 = S&(x, b)
( 5 .29)

^ (0 , y) = 0 = ^ a ,  y)

(i) tt(x , 0 ) = 0

S in ce  l im  [£VY (£)] ^ 0, a ll the c o e ff ic ie n ts  l ! must
e - * o  1

se p a r a te ly  v a n ish , and the ch oice of so lu tio n s  is  red u ced  to:

00

^  = y V (* J (py) • [Aemx + B en x ] dp - — J (p ^ )  (5 .30 )
J  v  Kb vo

w h ere  the co n stan ts L have been a b so rb ed  in  the A  and B .

(ii) * ( x ,  b) = 0

OO

i . e . ,  b v J  J v(p b ).[A em x + B e n x ld p  = 0 (5 .31)
o

S in ce  b is  n on -zero , and if  the fu nction  o f x  is  not to 

v a n ish  id e n t ic a lly , th is  la s t  equation r e q u ir e s  th e se le c tio n  of a 

p a r tic u la r  in fin ite  s e t  of the sep a ra tio n  co n sta n ts , p ,̂ already d e 

fin ed  fo llo w in g  equation  (5.25), fro m  z e r o s  of the B e s s e l  function.

T he so lu tio n  m ay thus be red u ced  fro m  an in tegra l rep re 

sen ta tio n  to an in fin ite  se r ie s

OO
nt"" r m .x n .x - —,

*  =  yV  2j  J v ( ^ y )  A i e 1 + B i e  1  v ( 5 - 3 2 )
, L -J Kbi= l
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and it  rem ain s to determ ine the c o e ff ic ie n ts  {A„, B^} . In p a s s in g ,  

it  m ay be noted from (5.11) that the p a r a m e te r  v a lu es  c = 0 ; v = j  

c h a r a c te r iz e  an ocean of constant depth. S in ce

Jl(€ ) = y  ^  ' s in € »

the g en era l solution for such an ocean has the fo r m

v  /  m .x n.x\
^  ~  ) sin(|i^y) • fA^e 1 +B^e 1 J + (p a r tic u la r  in teg ra l)

i

- - in  e s s e n c e , the sam e as equation (3 .37 ) d e r iv e d  by S to m m el for  

su ch  an ocean.

(iii) ^ ( 0 , y) = 0

Application of this condition g iv e s :

00

I
i=l

Mi j > i y ) =  ^ I J v(Ml y) (5 ' 3 3 >
y

w h ere  M. = A. + B. .x i i
The sp ecies  is thus id en tified  a s  the s e t  o f c o e f f ic ie n ts

o f the F o u r ie r -B e s se l expansion of the fu n ction  on th e r ig h t hand s id e

o f  equation (5.33) over the range y = [0 ,b ] . T h e se  c o e f f ic ie n ts  m ay

b e eva lu ated  by a generalized  F ou rier  p r o ced u re . In the o p era tio n s

o f  m u ltip lica tion  of each side of (5 .33) by y j  (p .y ), s u c c e s s iv e ly ,
 ̂ 1

w ith  j = 1, 2, 3, • • • , and in tegration  each  tim e  fr o m  y  = 0 to  y  = b, 

th e orthogonality  relationsh ips am ong th e B e s s e l  fu n ction s p ro v id e  

that a ll te rm s of the integral resu ltin g  fro m  the su m m a tio n  in  (5 .32)  

v a n ish , except for one where i = j = 1. T hus
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Mj  = Aj  + B x = 1 (5.34)

(iv) If Vfr(a, y) = 0

( m , a n. a \
Axe + y J v(^ y )  = + - V ^ y )

m .a  n .a
or A^e + B^e = + 1 (5.35)

but fro m  (5 .34)

A j = 1 - B 1 (5.36)

Su bstitu tion  of (5 .36) in  (5 .35) now d efin es  the co n stan ts

A ^ ,b  ̂ a s  fo llo w s:

n. a 
e - 1A . = — ------------—  (5.37)1 n^a m^a ' '

e - e

and
m ^a

B , =   (5.38)1 n^a m ^a
e - e

w h ile  th e co n sta n ts  m ^ n ^  m ay be d e r iv ed  fro m  equations (5 .20 ),

(5 .21) w ith  (jl = jjl̂ .

With th e se  v a lu es  o f A , B , p, and q, a s im p le  e x p r e ss io n

for  th e s tr e a m  function  so lu tio n  of equation  (5 .13) m ay be d er iv ed

in the fo rm  (5 .39) s im ila r  to  S to m m e l's  e x p r e s s io n  (3 .43).

tt  /  \ v  /  m i x  n i x  \*= I (0 J>iy) (V +Bie -1) <5'391
It w ill be r e c a lle d  fro m  equations (5 .11) and (5 .2 3 ), that 

the p a ra m eter  v s p e c if ie s  the con fig u ra tio n  of th e lo w er  boundary,
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and th a t v a r ia tio n  of this p a r a m e te r  w as d es ig n ed  to rep resen t  

v a r y in g  d e g r e e s  of com p en sation  o f th e p la n e ta ry  v o r tic ity  by the 

to p o g ra p h ic  v o r tic ity , in te r m s of a  s im p lif ie d  v e r s io n  of N eu 

m a n n 's  eq u ation  (4.27). S in ce  v a p p ea r s  a ls o  in  the exp ression  

c h o se n  to  r ep r e se n t the ap p lied  w ind  s t r e s s  (equ ation  5 .25), v a r i

a tio n  of th is  p aram eter  does not, s t r ic t ly ,  i l lu s tr a te  the e ffect of 

v a r y in g  top ographic  in flu en ce , a l l  o th er  in f lu e n c e s  being constant. 

T h is  is  p a r t of the p rice paid  to m a in ta in  a s  c lo s e  a p ara lle l in the 

a b o v e  a n a ly s is  to S tom m el's tr e a tm e n t ( s e c t io n  3), including the 

c lo s e d  fo r m  of the solution . V a r ia tio n  in  th e w ind  s tr e s s  pattern  

o v e r  th e ran ge  of v co n sid ered  is  n ot too  d r a s t ic , h ow ever, the 

g e n e r a l th em e  of low latitude e a s t e r l ie s  and high  la titu d es w e ste r lie s  

b e in g  p r e s e r v e d . M eridional s e c t io n s  o f  D and for v = 0.5,

1 .0  (0 .1 )  a r e  shown in fig u re  5 .3  , and  the s tr e a m lin e  patterns for 

an  o c e a n  b a s in  s im ila r  in d im en sio n s  to th at of S tom m el, have been  

c a lc u la te d  fro m  equation (5 .39 ). T h e se  p a tte rn s  a r e  plotted in 

f ig u r e s  5 .4  to  5 .9 . For th e se  c a lc u la t io n s , F  = 1* K = lO"6 sec- 1 , 

a  = 109 c m , b = 6 x 10s cm , |3 = 10"l 3 s e c -1  cm - 1 . B e s s e l  functions 

w e r e  o b ta in ed  from  a subroutine o f th e  l ib r a r y  of th e AEC-NYU  

co m p u tin g  c e n te r , w here the c a lc u la t io n s  w e r e  p erfo rm ed . Z eros  

o f  t h e s e  fu n ction s (jjl in the ab ove a n a ly s is )  w ere  obtained from  the 

r e la t io n  g iv en , for exam ple , by Jahnke and E m d e .(1 9 4 5 , p. 143). 

F o r  v = 0 .5 , S tom m el's co n sta n t depth  a n a ly s is  is  v ir tu a lly  d u p li- 

c a te d  b y  th e p resen t treatm ent; th is  m a y  be se e n  by com parison  of 

f ig u r e s  3.1 and 5.4. As v is  in c r e a s e d  in v a lu e , the "westward  

in te n s if ic a t io n "  induced by the p la n e ta r y  v o r t ic ity  b eco m es le s s

*dyne c m
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S T R E S S

L 5 L _ J  I L  I 1_____ 1 _

. 4. 2 . 8. 6 1. 0

y/ b

Figure 5.3 Sequences OE functions chosen to model the m eridional
variation of the zonally d irected  wind s tr e s s  (upper) and 
the m eridional variation of the low er boundary of the 
w ind-driven circulation  (lower) in equations (5.25) and 
(5.11), for s ix  values of the param eter lying between  
v = 0.5 and 1.0.
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pronounced, and w ith  v = 1 . 0 , co m p le te  zon a l sy m m e tr y  in the  

s trea m lin e  pattern  is  a ch iev ed . At th e  sa m e  t im e , the m ax im u m  

value of the s tr e a m  fu n ction  in c r e a s e s ,  fo llo w in g  th e tren d  s u g 

g ested  by fig u re  5 .1 . A s m a ll  p art of th is  v a r ia tio n  w ill be due to  

varia tion s in the ap p lied  w ind s t r e s s  f ie ld . The m e r id io n a l a s y m 

m etry  w hich  a cco m p a n ies  in c r e a s e  in th e v a lu e  of v is  due to the  

p r o g r e s s iv e  north w ard s sh ift  in the m ax im u m  w ind s t r e s s .  Any c o n 

tribution  to  th is  m e r id io n a l a sy m m e tr y  fro m  v a r ia tio n  of the c o e f 

fic ien t of 8 ^ /9 y  w ill  be m a sk ed  by th is  e ffe c t .

The fo reg o in g  a n a ly s is  s e r v e s  tw o p u r p o se s . F ir s t ly ,  it  

em p h a size s  th e r e la t io n sh ip  b etw een  the fu n ction a l fo r m  o f the w ind  

s tr e s s  and the o rth ogon a lity  p r o p e r tie s  of th o se  fu n ction s w h ich  app ear  

in the y -d ep en d en t sep a ra ted  equation  d e r iv ed  fro m  the S to m m el-ty p e  

boundary va lu e  p ro b lem . S eco n d ly , w h ile  m ain ta in in g  a c lo s e  p a r a lle l  

with S to m m el's  m o d el, it  g iv e s  so m e  fe e lin g  for  the in tro d u ctio n  of 

varying am ounts of top ograp h ic  in flu en ce , in the N eum ann s e n s e .  The  

in troduction  of th is in flu en ce  h as been  m ade h e r e  in  a fo r m a l and v e r y  

a r t if ic ia l  m an n er. R etain in g the fo r m a lis m , v a r io u s  d e g r e e s  of f r e e 

dom m a y b e  a s s ig n e d  to the lo w er  boundary g e o m e try  by a p p rop ria te  

ch oice o f th e  x -y  dep en d en ce of the c o e f f ic ie n ts  of 9^ / 9x and 9\&/9y in  

equations (4 .27 ) or (5 .5 ) so  that the v a r io u s  d if fe re n tia l eq u ation s that 

appear in th e sep a ra tio n  p r o c e s s  b eco m e  th o se  w h o se  so lu tio n s  have  

been stu d ied  in d e ta il a s  the " sp e c ia l fu n ction s"  of m a th em a tica l  

p h y sic s . T h is  ap p roach  w ould  p rob ab ly  be m o re  in s tr u c t iv e  as a 

m a th em atica l e x e r c is e  than h elp fu l in gain ing an a p p rec ia tio n  of o cea n  

tran sp ort d y n a m ics , h o w ev er , and w ill  not be fo llo w ed  fu rth er  in  th is  

study. T he m eth od  o f handling a g e n e ra l w ind s t r e s s  in  the S to m m el
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a n a ly s is ,  by ex p a n sio n  as a s e r ie s  in  the appropriate orth ogon al 

fu n ctio n s , has b een  ex p la in ed  in s e c t io n  3.5 . The p r o p e r t ie s  o f  

th e v a r ia b le  depth m o d el ju st ou tlin ed  m ay be used  in  a s im ila r  

F o u r ie r - B e s s e l  s e r ie s  ex p a n sio n  of the applied w ind s t r e s s  to  d i s 

c u s s  th e  e f fe c t s  of w ind p a ttern s o th er than the r e p r e se n ta tio n  (5 .25 ).

6 . N eum ann tr a n sp o r t in  th e A tlan tic  O cean

6 .1 In troduction

M eans for  obtain ing a n a ly tic  solutions o f v a r io u s  fo rm a l  

s im p lif ic a t io n s  of N eu m an n 's v a r ia b le  depth v o r tic ity  eq u ation  in  

te r m s  o f orth ogon a l fu n ctio n s, have b een  outlined in  th e p r e v io u s  

s e c t io n . F o r  th o se  fo rm s o f th is  equation , including the fu ll r e la t io n

(4 .2 7 ), w h ich  a r e  not a m en ab le  to  th is  treatm ent, th e m eth od  of 

n u m e r ic a l in teg ra tio n  u sin g  a f in ite  d ifferen ce  a p p rox im ation  for  the  

d iffe r e n tia l equation  m ay be u sed . P rom p ted  by the e a r l ie r  w ork  of 

N eum ann and O stapoff (1957), and of Neumann (1958), who rep o rted  

the r e s u lt s  of su ch  a n u m e r ic a l in teg ra tio n  applied to the N orth  A t 

la n t ic , th e p r o p e r t ie s  of equation  (4 .27 ) w ere re la ted  to  one in t e r 

p re ta tio n  of con d ition s as th ey  a c tu a lly  obtain over the w h ole  

A tla n tic  O cean . D e ta ils  of th is  w ork  a re  reported by G a rn er , N e u 

m ann, and P ie r s o n  (19&2), and a su m m ary  of the r e s u lt s  w ill  be 

in c lu d ed  h ere  to co m p le te  the d is c u s s io n  of the N eum ann m o d el.

A  f ie ld  of po in ts w as e s ta b lish e d  on a two d e g r ee  g r id  of 

la titu d e  and lon g itu d e. C o a sta l bou n daries w ere a p p ro x im a ted  by a 

s e r ie s  of s tr a ig h t lin e s  jo in ing th o se  grid  points w hich  w e r e  n e a r e s t  

to  th e ed ge  of the co n tin en ta l s h e lv e s  of bordering lan d  m a s s e s .  The
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boundary thus c o n str u c ted  m ay be com pared -with the a c tu a l c o a s ta l  

outline of th e A tla n tic  O cean in figure 6.1. An id e a liz e d  " C aribbean  

Island" w as c o n str u c ted  fro m  those grid points w hich b e s t  d efin ed  the  

land  m a s s e s  and r e la t iv e ly  shallow  w ater a s so c ia te d  w ith  th e  is la n d s  

and banks o f th is  r eg io n . F low  into the Gulf of M ex ico  th rou gh  th e  

Y ucatan C hannel b a la n ced  outflow  through the S tra its  o f F lo r id a  to  

s a t is fy  r e q u ir e m e n ts  o f continuity .

T he m ea n  s u r fa c e  wind pattern over the A tla n tic  O cean  for  

F eb ru a ry , a s  e s t im a te d  by the B ritish  M eteoro log ica l O ffice  (1948), 

and ch a rts  p u b lish ed  by Schott (1944, P la te  22) w e r e  u s e d  to  d e r iv e  

the w ind s t r e s s  d is tr ib u tio n  using the em p ir ica l r e la tio n  of N eum ann  

(1948)

t = 0 . 0 9 p 'W 3 /2  (6 .1 )

w h ere th e w in d  s t r e s s  on the sea  su rface, t , is m e a su r e d  in d yn es cm ”3 

if  the w ind  v e lo c i ty , W, at anem om eter height is  m e a s u r e d  in  cm  s e c -1 , 

p' i s  th e a ir  d e n s ity , h e r e  given  a constant value of 1.25 x 10 g m s cm  . 

At ea ch  in te r io r  g r id  poin t of the sy stem , the depth of no m o tio n  w as  

d eterm in ed  fr o m  the ch art published by Defant (1941), w ith  so m e  

e x tra p o la tio n  and m o d ific a tio n  p articu larly  in the S o u th -W est A tla n tic  

and the S ou th ern  O cean . T he patterns of wind and depth of no m o tio n  

fin a lly  u se d  in  the in v e s t ig a tio n  are sketched in f ig u r e s  6 .1  and 6 . 2 ; 

the a c tu a l n u m e r ic a l v a lu e s  and details of the com putation  a r e  s e t  

down by G a rn er , e t  a l. (1962). A value of 3.3 x 10-6  s e c ” 1 w a s  

en tered  fo r  th e  c o e f f ic ie n t  of internal fr ic tio n , K. T h is  f ig u re  w a s  

obtained  by N eu m an n  (1954 , p. 31) from  ob servation s o f th e  g e o s tr o p h ic  

d ev ia tio n  of th e  m a s s  tra n sp o r t vector in the A tlan tic  O cean , n orth  o f
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A TLA N TIC  O C E A N

S H O W I N G  

M E A N  W I N D  F I E L D  

F O R  

F E B R U A R Y  

(m s«c“‘>

120® 110°  100°  90°  80® 70°  60 °  50®40®30®20°  10°  0°  10°  20°  30°  40°  50 °  60

F ig u re  6.1 M ean su rfa ce  wind fie ld  over  the A tlantic O cean used  in the
ocean  c ircu la tio n  ca lcu la tio n s. Isotach s in m  sec -  are  shown  
as continuous l in e s . The arrow s show the g en era l wind d irection .



114

NO* 100° 90° 80* 60* 40*20* 0* 20* 30* 40* 50'130* 120* 60' 70*

ATLANTIC OCEAN'

D E P T H  O P NO MOTION

(hundreds of motors )

30*

20*

+ 4-

20*

20'
40°

.27
50*

45 * (

100*  90 °  80*  70°  60* 50*40* 3020°  10°  0* 10°  20*  30‘150* 130° 120* 110* 40*140* 6 0 *

F ig u r e  6.2 Depth of the lo w e r  boundary of the w in d -d r iv e n  o cea n  
circu lation  u se d  in  the ocean c ircu la tio n  c a lc u la t io n s ,  
based on D efant (1941).
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th e A z o r e s .

F ix ed  c o a s ta l b ou n d aries w e r e  tak en  to be s tr e a m lin e s . Con

stan t v a lu es  of the s tr e a m  fu nction , St, w ere  then  a s s ig n e d  to each  

continuous se c t io n  of c o a s ta l boundary, the v a lu es  o f w hich  w ere  d e 

term in ed  by the tra n sp o r t of w ater  a s su m e d  to flow  into or out from  

the f ie ld  of in teg ra tio n , a cco rd in g  to  equations (2 .5 5 ,2 .5 6 ) . V alu es  

for  the s tren g th s of th ese  s o u r c e s  and s in k s w ere  adopted as  fo llo w s:  

A sm a ll so u rce  n o r th ea st of N ew foundland r ep re sen ted  the L abrador  

C urren t w hich  c a r r ie s  4 m illio n  tons s e c -1  into the N orth  A tlan tic  

O cean. A la r g e r  sin k  of 10 m illio n  ton s s e c -1 w as a s s ig n e d  b etw een  

Icelan d  and the B r it is h  I s le s  w h ere  the N orth  A tlan tic  C u rren t flow s  

into the N orw egian  Sea . N o flow  a c r o s s  the n orth ern  boundary w as  

p erm itted  b etw een  w e st  lon g itu d es 33° and 4 5 ° . T h ese  f ig u re s  

w e re  b a se d  on d is c u s s io n  by Sverdrup (1942, Chap. 15). In the 

sou th w est co rn er  of the f ie ld  of in teg ra tio n  is  the D rake P a s s a g e  b e

tw een  Cape Horn and the P a lm e r  P e n in su la , C low es (1933) e s t im a te d  

that the A n ta rctic  C ircu m p olar  C u rren t c a r r ie d  about 110 m illio n  

tons se c -1  ea stw a rd s  through th is  p a ssa g e  above the 3 ,500 d ec ib ar  

su r fa c e , and th is  va lu e w as u se d  h ere  a s  the so u r c e  s tren g th  in  th is  

reg io n . In the so u th ea st is  the p a s sa g e  b etw een  the Cape of Good 

Hope and the A n ta rc tic  C ontinent. A s in k  has b een  a s s ig n e d  at th is  

boundary of 110 m illio n  ton s s e c ”1, a ssu m in g  that a ll  of the w ater  

en ter in g  the South A tlan tic  O cean th rou gh the D rake P a s s a g e  p a s s e s  

into the Indian O cean s e c to r  o f the Southern O cean. An add ition al 

so u r c e  of 20 m illio n  tons s e c -1 has b een  p la ced  betw een  the C ape of 

Good Hope and la titu d e  3 9 °S, r ep re sen tin g  a b ran ch  of the A gulhas
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C u rren t w h ich  e n te r s  the Atlantic O cean , a cco rd in g  to D ietrich (see  

S verd ru p , 1942, p. 6 9 6 ) in this a rea . 14 m ill io n  to n s sec"1 of this 

in flow  w as then  c a r r ie d  eastw ard back  in to  the South Indian Ocean 

w ith  th e A n ta r c tic  C ircum polar C u rren t, lea v in g  the rem ainder of 

6 m illio n  ton s sec" 1 as  a contribution to  the A tla n tic  circulation. 

T h e se  f ig u r e s  w e r e  ch osen  keeping in  m in d  an e s t im a te d  northward  

tr a n sp o r t a c r o s s  the equator of 6 m il lio n  ton s sec" 1 in the Guiana 

C u rren t a lon g  th e n orth east co a st of South A m e r ic a  (Sverdrup, 1942, 

p. 629). T he "C aribbean Island" w as tr e a te d  a s  a "floating" boundary. 

P r o v is io n  w as m ad e for  the s trea m  fu n ction  to  rem a in  constant over  

a ll  p o in ts  of th is  s e t ,  but the n u m er ica l va lu e  of th is  constant was 

d e te r m in e d  by  the geography and d y n a m ics  of the situation , except 

for  an a ssu m p tio n  that in the im m ed ia te  v ic in ity  o f the southeastern  

point o f th e is la n d , one quarter of the to ta l flow  jo in s  the A ntilles  

C u rren t, the rem a in in g  three q u a rters  en ter in g  the Caribbean Sea.

T he s tr e a m  function w as h e ld  co n sta n t a lon g  portions of the 

n o rth ern  boundary south  of G reenland. F o r  oth er ocean ic  boundary 

p oin t, an in ter p o la tio n  for the im p o se d  va lu e  of s tr e a m  function 

w as m ad e b etw een  neighboring fix ed  b o u n d a r ies .

6 .2  P r e se n ta t io n  of resu lts

F iv e  d ifferen t solutions o f equ ation  (4 .2 7 ) w ere obtained 

for  v a r io u s  com b in a tio n s of wind s t r e s s  and top ograp h y of the depth 

of no m otion  su r fa c e . The resu ltin g  s tr e a m lin e  p attern s are shown 

in  f ig u r e s  6.3 th rou gh  6.7.

(a) V a r ia b le  s tr e s s , v a r ia b le  depth so lu tio n

F o r  the general f ie ld s  of w ind and depth of no m otion
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d e sc r ib e d  p rev io u sly , the stream lin e  p a ttern  is  p lo tted  in  f ig u re  6.3.. 

T h is  ca lcu la tio n  incorporates a ll the v o r tic ity  te r m s  c o n s id e r e d  in  

th e d er iva tion  of equation (4.27).

(b) V ariable depth, zero  s t r e s s  so lu tio n

Figure 6.4 shows the r e su lt  of rep ea tin g  the above c a l 

cu la tio n s  w ith  zero  wind velocity . A ll o th er fa c to r s , in clu d in g  the  

depth d istr ib u tion  w ere unchanged. F o r m a lly , th is  r e p r e s e n ts  a co m 

p lem en ta ry  function of equation (4.27) w ith  it s  boundary co n d itio n s, 

d efin in g  that part of the com plete so lu tion  (fig u re  6.3) that m ay be 

a ttr ib u ted  to the choice of sou rces and s in k s .

(c) V ariable s tr e s s , constant depth so lu tio n

The calculations w ere then r ep ea ted  reta in in g  the g e n e 

r a l w ind pattern  but setting the depth con stan t (1000 m ) and the r e 

su ltin g  strea m lin e  pattern is shown in fig u re  6 .5 . In a s e n s e ,  th is  

c a lcu la tio n  acts  as a control exp erim en t. The d if fe r e n c e  b etw een  

f ig u r e s  6 .2  and 6 .5  provides som e m ea su re  o f the dynam ic s ig n if i

ca n ce  o f the variable depth term s in equation  (4 .27) (but s e e  the  

r em a rk s  in sec tio n  6 .4 ).

(d) Constant depth, zero  wind s t r e s s  so lu tio n

Figure 6.6 shows the resu lt of r ep e tit io n  of th e  c o n 

sta n t depth integration just described  w ith  a van ish in g  w ind  s t r e s s .  

T h is  show s the contribution of boundary s o u r c e s  and s in k s  to  the  

co m p le te  so lu tion  of the constant depth equation .

(e) V ariable s tr e s s , depth p ro p o rtio n a l to  th e s in e  o f

latitude solution

The final se r ie s  o f ca lcu la tio n s  u sed  th e g e n e r a l w ind  

s t r e s s  p attern  for February but rep la ced  the depth f ie ld  by the  

fo llo w in g  sch em e:
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D = 2300 I s in <p I ; |<H > 9 °

D = 2300 s in  9 0 ; 0 <  |<H < 9 °

With th e depth p rop ortion a l to the s in e  of the la titu d e , the re la tio n s

1 3D 1 d f  9D = 0 (6 . 2 )

a re  fu lf ille d , and as  N eum ann has su g g e ste d , any e ffe c t  o f the 

p la n eta ry  v o r tic ity  in  producing a zonal a sy m m e tr y  in  the c ircu la tio n  

w ill  b e  ex a c tly  b a lan ced . T h is s itu a tio n  co rresp o n d s to that r e a liz e d  

in the B e s s e l  fu nction  so lu tio n  of the p rev io u s se c t io n  for  v = 1 

(figu re  5 .9 ), w h ere  the fu n ction al fo rm  of the m er id io n a l v a r ia tio n  

of D a lso  m atch ed  that of the C o r io lis  p a ra m eter .

Due to d if f ic u lt ie s  in running th is  p ro b lem , ca lcu la tio n s  

had to  be stopp ed  w e ll b e fo re  co m p lete  co n v erg en ce  w as a ch iev ed , 

and w ith  N orth  A tlan tic  r e su lts  only , being s ig n ifica n t. The p a r tia lly  

co n v erg ed  s tr e a m lin e  p a ttern  is  p r e se n te d  (fig u re  6.7) to contribute  

to the d is c u s s io n  fo llow in g .

In each  of the c irc u la tio n  p attern s p resen ted , s tr e a m lin e s  

rep r e se n t con stan t va lu e of the tra n sp o rt s tr e a m  function , w ith  

the in d ica ted  va lu e  x 1012 c. g. s . u n its . B etw een  ad jacen t s t r e a m 

lin e s ,  th en , th ere  is  r e p r e se n te d  a v e r t ic a lly  in teg ra ted  vo lu m e tr a n s 

port w h ose  va lu e is  g iven  by the d ifferen ce  of th e in d ica ted  contour  

v a lu es  in  m illio n s  o f (m etr ic )  tons a secon d .

6 .3 D is c u ss io n  of the r e su lts

(a) G e n e ra l: An a ttem p t has b een  m ade in th is  w ork to  

d er iv e  the v e r t ic a lly  in teg ra ted  w in d -d r iv en  c ircu la tio n  o f the A tlan tic
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Ocean ch oosin g  boundary conditions, w ind p a tte r n s , and v a r ia tio n s  

of the th ick n ess  of th e  w ind-driven  cu r re n t s y s te m  a s  r e a l i s t ic a l ly  

as p o ssib le . T h e e x te n t to which the r e s u lt  o f th e g e n e r a l in teg ra tio n , 

as shown in f ig u r e  6 .3 , provides an a ccep ta b le  d e sc r ip t io n  of the  

situation as it  o b ta in s  in  nature is  then , in  so m e  s e n s e ,  an e s t im a te  

of the p r a c tic a l u s e fu ln e s s  of the m od el u sed .

One m u st b ew a re , how ever, o f a ttach in g  too  m u ch  s ig n i f i 

cance to  su ch  a  " test" . The fir s t  d ifficu lty  in  d is c u s s in g  th e s tr e a m 

lin e  patterns in  th e s e  term s is  the g e n e r a l la c k  o f c o m p r e h e n s iv e  

com parative o b se r v a t io n s  of the v e r t ic a lly  in te g r a te d  tr a n sp o r t  of 

the m ajor o cea n  c u r r e n t sy stem s. In the d is c u s s io n  fo llo w in g , 

various se c t io n s  o f th e transport p attern  w il l  be r e f e r r e d  to in  te r m s  

of the fa m ilia r  n o m en cla tu re  of the a s s o c ia te d  su r fa c e  w a ter  m o v e 

m ents, but it  sh o u ld  be rem em b ered  that su ch  tr a n s p o r ts  a r e  not due 

sim ply to th e s e  su r fa c e  cu rren ts, c o n s id e r a b le  c o m p le x it ie s  being  

expected in th e  v e r t ic a l  ve lo city  p ro file  in  m any a r e a s .  A fu rth er  

caution to be o b s e r v e d  in in terpreting  the tr a n sp o r t  p a ttern s  c o n 

cerns the a s su m e d  topography of the depth o f no m o tio n . It shou ld  

be noted that D e fa n t's  ch art r ep resen ts  co n d itio n s ran g in g  o v e r  the 

tw o-year du ration  of the M eteor o b se r v a t io n s , and a ls o  in co rp o ra te s  

data from  o th er  ex p ed itio n s  both b e fo re  and a fte r  th e M eteo r  c r u is e s .  

The effects  of s e a s o n a l  variations in  th is  "depth o f no m otion"  thus 

rem ain undefined. T he wind s tr e s s  p a ttern  u se d , on the oth er hand, 

rep resen ts lo n g  te r m  m ean conditions for F e b r u a r y , so  so m e  in c o n 

sisten cy  m ay r e s u l t  in  expecting r e a l i s t ic  tr a n sp o r t  p a ttern s  fro m  

an application  of th e s e  fie ld s  in a s tea d y  s ta te  eq u ation  su ch  a s  (4 .27).
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The p ro p r ie ty  of id en tifica tio n  of the su r fa ce  D in  equation

(4 .27) w ith  D efan t's  su r fa c e  of no m otion  m ay a ls o  be open to  q u estion , 

for  r ea so n s  advan ced  in  s e c t io n  4.

(b) V a riab le  w ind s t r e s s - v a r ia b le  depth so lu tio n

The c irc u la tio n  in the N orth A tlan tic  O cean as  

p lo tted  in fig u re  6 .3  and d er iv ed  fro m  the g en era l in teg ra tio n  w as  

dom inated  by a g rea t a n ticy c lo n ic  g y re  w hich , north  of la titu d e 10°N , 

is  s im ila r  in fo rm  to its  a tm o sp h er ic  cou n terp art. Due to  the m e r g 

ing of the B erm u da and A z o r e s  a n tic y c lo n e s , the m ean w ind p attern  

(figu re  6 .1 ) show s a zone of low  s p e e d s , w ith  an abrupt sh ift  in w ind  

d irec tio n  m ore  or l e s s  a long the p a r a lle l of 30 °N fro m  the N orth  

A m erica n  c o a s t  to longitud e 2 5 'W that sep a ra te s  the tr a d e s  and 

w e s te r l ie s .

The cen ter  of the o c ea n ic  c irc u la tio n  gyre  in fig u re  6.3 w as  

d isp la ce d  w e ll to  the w e st  o f the g eo g ra p h ica l cen ter  of the N orth  

A tlan tic  O cean r e su lt in g  in an in ten s if ic a tio n  of the G ulf S trea m  

branch  r e la t iv e  to  the m o re  d iffu se  C anary C urrent branch .

A to ta l m a ss  tra n sp o rt in  the G ulf S trea m  s y s t e m  off the  

e a s t  c o a s t  of N orth  A m e r ica  of ju st o v er  40 m illio n  ton s s e c ”1 w as  

d er iv ed . T his m ay  be co m p a red  w ith  the fig u re  o f about 48 m illio n  

tons s e c ” 1 d e r iv ed  by W iist (1936) who u sed  as  r e fe r e n c e  le v e l  the  

oxygen  m in im u m  la y e r  w hich  is  found on the co a sta l s id e  of the  

G ulf S tream  at a depth o f about 400 m  and on the S a r g a sso  Sea  

s id e  at a depth of about 900 m . T he n et tr a n sp o r t through the  

s e c t io n  u sed  in W Ust's co m p u ta tio n s, m ade g e o s tr o p h ic a lly  w ith  

r e s p e c t  to  a r e fe r e n c e  le v e l  s im ila r  to that u se d  in  the p r e se n t
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F ig u r e  6 .3  S tream lin es o f the v e r t ic a lly  in tegrated  h orizontal v o lu m e
transport o f  th e w in d -d riven  c ircu la tion  in the A tla n tic  O cean  
corresponding to  th e driv in g  w ind pattern of fig u re  6.1 and j 
the low er boundary top ograp h y of figure 6.2. F low  is  p a ra lle l  
to  the s tr ea m lin e s  in  the d irectio n  indicated, and the vo lu m e155' 
o f the flow b etw een  ad jacen t strea m lin es  in m illio n s  of tons  
per second is  g iv en  by the d ifferen ce  of the in d icated  v a lu es .

' W  V ^ L .W l/ I K'9  - ................ ..........

100® 90° 80° 70° 60° 50o40°30°20® 10° 0° 10° 20° 30



122

m odel, is 53 m illion, ton s s e c -1 . T h e se  vary in g  v a lu es  m a y  b e  ex p la in ed  

by different a ssu m p tion s about the lo w er  boundary of the c ir c u la tio n  

and by season a l or s e c u la r  v a r ia tio n s .

A strong flow  of n e a r ly  26 m illio n  ton s s e c -1 en te r ed  the C arib 

bean Sea from  the N orth  E q u a to r ia l C u rren t. B etw een  the equator  

and north latitude 7° th er e  i s  w eak  d eve lo p m en t of an eq u a to r ia l 

countercurrent extending a c r o s s  m o s t  of th e A tla n tic  O cean  fro m  about 

w est longitude 35° into the G ulf o f  G uinea. T h is  e a stw a r d  flow  is  

c lo se ly  a sso c ia ted  g e o g ra p h ic a lly  w ith  the doldrum  b e lt  in the ap p lied  

wind fie ld  (figure 6 .2 ). A v e r y  w eak n et tr a n sp o r t w as in d ica ted  in  

the A ntilles C urrent reg io n . Sverdrup  (1942 , p. 676) su m m a r iz e d  the 

then available in form ation  to  in d ica te  that about 12 m ill io n  ton s sec" 1 

from the A ntilles C urren t jo in s the F lo r id a  C u rren t w h ich  le a v e s  the  

Straits with a flow  of about 26 m illio n  ton s sec"1.

North of Grand B a n k s, the so lu tio n  sh ow s n o r th -g o in g  flow  

in an area  that in nature is  d om in ated  at the su r fa c e  by th e L abrador  

Current. A ll inflow  into the f ie ld  o f in teg ra tio n  so u th ea st of G r e e n 

land, im posed as a boundary con d ition , w as tu rn ed  abru p tly  e a s t 

ward in the m odel to le a v e  the f ie ld  aga in  in  th e N orth  A tlan tic  

Current. T here is  l it t le  in  the w ind  p a ttern  u se d  h e r e  to  en co u ra g e  

the production of a L abrador C urren t.

The cen tra l South A tla n tic  w as a ls o  d om in ated  by a la r g e  

anticyclonic gyre c en te re d  around  33 °S, 10°W . L ittle  w estw a rd  

intensification  of the B r a z il  C u rren t b ran ch  w as ev id en t. S ep a ra tio n  

of flow of the South E q u a to r ia l C u rren t into the G uiana and B r a z il  

Current branches o c cu rr e d  a p p ro x im a te ly  at 10°S , sou th  of C ape 

San Roque.
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S tre a m lin es  rep re sen tin g  the B en gu ela  C urren t off the so u th 

w e st  A fr ica n  c o a s t  tren d  n o rth ea stw a rd  aw ay fro m  the coast betw een  

the C ape of Good Hope and Cape F r io , and le a v e  a la rg e  area of w eak  

c irc u la tio n  b etw een  th is  poin t and Cape P a lm a s .

U nlike its  n orth ern  h e m isp h ere  cou n terp art, the anticyclon ic  

w ind s y s te m  o v er  the South A tlan tic  has a s im p le  c e llu la r  structure  

in the m ean  w ind p attern  for  F eb ru a ry  (figu re  6 .1 ) w ith a center at 

about 35 °S, 13 °W that i s  c lo s e  to the cen ter  of the corresponding  

tra n sp o r t p attern  in  the ocean . T he m ain  a n ticy c lo n ic  gyre in the  

South A tlan tic  O cean c ircu la tio n  is  e lon gated , w ith  its  main axis 

extend in g  so u th ea stw a rd  far into the Southern O cean n ear ly  to la t i 

tude 50 °S n ear the e a s te r n  boundary of the f ie ld  of integration. T h is  

con figu ration  r e s u lt s  in a m ark ed  so u th ea stw a rd  tren d  to s trea m 

lin e s  r ep re sen tin g  the flow  o f the A n ta rctic  C ircu m p olar  Current 

in the far  so u th ea stern  A tlan tic . Had boundary conditions that 

fo r c ed  the flow  of th is cu rren t to be co n cen tra ted  in  the center of 

the p a s sa g e  not b een  im p o sed , it  s e e m s  lik e ly  that the greater part 

of th is  flow  of the C ircu m p olar  C urren t from  the South Atlantic into  

the South Indian O cean w ould  have b een  d evelop ed  in v e ry  high la t i 

tu d es, sa y  b etw een  60 °S and the A n ta rc tic  c o a st , according to the  

m od el and the data u sed . A s the c a lcu la ted  c irc u la tio n  does not s e e m  

r e a l i s t ic  co m p ared  w ith  the known p r o p e r tie s  of w ater  m ovem ents in  

the Southern O cean, the m o d e l's  b eh a v io r  in th is  a rea  would repay  

fu rth er  exam in ation .

On en ter in g  the A tlan tic  s e c to r  of the Southern Ocean through  

the D rake P a s s a g e , s tr e a m lin e s  in  the C ircu m p olar  flow  underwent 

a m ark ed  d e flec tio n  northw ard, and a w e ll-d e v e lo p e d  flow  corresponding
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to the Falkland C urren t a p p ea r s  in  f ig u r e  6 .3  off the ea st co a st of 

A rgen tin a . T his c o n v e r g e s  w ith  th e  so u th -flo w in g  B razil C urrent 

b ra n ch  ap p rox im ately  in  la titu d e  32 °S , ju st north of the R iver P la te .  

A s far as near su r fa c e  w a te r  m o v e m e n ts  a r e  con cerned , th is c o r 

resp o n d s c lo se ly  to  the o b s e r v e d  p o s it io n  of the subtrop ica l c o n v e r 

g e n c e  in  th is area  during th e  so u th e r n  h e m isp h e r e  sum m er.

It is  in ter e st in g  that th is  n o rth w a rd  d eflec tio n  of s tr ea m lin e s  

e a s t  of Cape Horn is  so  p ro n o u n ced  w ith ou t th e  benefit of the South  

Sandw ich R idge to a s s i s t  th is  d e f le c t io n  (S verd ru p , 1942, p. 615).

A s m ay be seen  in fig u re  6 .2 , a  h ig h ly  sm o o th ed  topography of the 

depth  of no m otion w as u se d  in  th is  r eg io n . The configuration  of 

th e  South Sandwich R idge c o u ld  not ad eq u a te ly  be rep resen ted  with  

th e  gridpoint sp acin g  u sed , and  p r e lim in a r y  ca lcu la tion s ind icated  

th a t so m e  d ifficu lty  w ith  in s ta b il i ty  o f the so lu tio n  might have a r ise n  

w ith  a m ore co m p lica ted  to p o g ra p h y . T he p r e se n t  solution  co n v erg ed  

r a th e r  slow ly  in  th is r eg io n . H o w e v e r , it s e e m s  lik e ly  that a c lo s e r  

a p p rox im ation  to D efa n t's  o r ig in a l  e s t im a tio n  o f the topography of 

th e  su r fa ce  of no m o tio n  in th is  a r e a  w ould  be n e c e s sa r y  to d er ive  

a l e s s  v igorou s, and h en ce  m o r e  r e a l i s t i c ,  northw ard d eflection  o f 

s tr e a m lin e s  in the so u th w e st A tla n tic .

The whole o f the S ou th ern  O cean  s e c to r  m ay repay further  

a n a ly s is  using a f in er  g r id  m e s h , a m o r e  r e a l i s t ic  pattern of w ind  

and  depth o f no m otion , and w ith  c lo s e r  a tten tion  paid  to the im p o sed  

boundary conditions. F r o m  th e  e l l ip t ic  fo r m  o f  equation (4.27) it 

a p p ea rs  that a unique so lu tio n  w ou ld , in  g en era l, be obtained u sin g  

m ix e d  boundary co n d itio n s , s p e c ify in g  the fu ll s trea m  function, \Jr,
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along  a ll  f ix e d  c o a s ta l b ou n d a r ies, but the grad ien t of th is  function
■s

n o rm a l to  the boundary, on ly , along o cea n ic  boundary l in e s .  T his  

w ould  a llo w  the m od el freed o m  to ch o o se  the s tr e a m lin e  co n fig u 

ra tion  at th o se  bou n d aries m o st ap p rop ria te  to  its  natural dyn am ica l 

p r o p e r tie s .

(c) Z ero wind, v a r ia b le  depth so lu tio n

On com p arin g  the z e r o  w ind, v a r ia b le  depth so lu tio n  

(fig u re  6 .4 ) w ith  the g en era l in teg ra tio n  (figu re  6 .3 ) it  m ay  be se e n  

that m o st of the la r g e  s c a le  w ave s tru c tu re  of the Southern O cean  

s tr e a m lin e s , and h en ce  the rem a rk a b le  so u th ea stw a rd  e lon gation  of 

the a x is  o f the South A tlan tic  g y r a l, is  due to  in ter a c tio n  of the flow  

b etw een  the so u r c e  and the s in k  in th is  reg io n  w ith  the a s su m e d  topo

graphy of the lo w er  boundary. T he im p r e s s e d  w ind f ie ld  has l i t t le  

e ffe c t .

A co m p a r iso n  of the z e r o  and v a r ia b le  s t r e s s  r e s u lt s  a lso  

sh ow s that the tr a n s fe r  o f 6 m illio n  tons sec - 1  of s e a  w ater  n o r th 

w ard  a c r o s s  the equator req u ired  by the boundary con d ition  ten d s, 

in  the a b se n c e  o f wind, to  be d er iv ed  w h olly  fro m  the in flow  p ast  

Cape H orn. T he stron g  a n ticy c lo n ic  v o r tic ity  in flu en ce  e a s t  of Cape 

Horn co n fin es  th is  north w ard  flow  in a narrow  fila m en t a long the  

so u th ea st c o a s t  of South A m e r ica . T o the north  of 3 0 °S la titu d e , 

w h ere  the m ain  flow  of the C ircu m p o la r  C urrent has b een  turned  

back  tow ard  the A fr ic a -A n ta r c tic  s in k , th is  w e s te r n  boundary flow  

sp rea d s  out and c o v e r s  a la r g e  a r e a  in  the w e s te r n  N orth  A tla n tic , 

T h is boundary flow  a ccou n ts for  3 m illio n  ton s s e c -1 , or about 12 

p e r ce n t o f the flow  through the S tra its  o f F lo r id a  in  the g en era l
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integration . A dd ition  o f th e  w ind  s t r e s s  c u r l a lte r s  th is  s itu a tio n  

con sid erab ly , h o w ev er , the n orth w ard  tr a n s fe r  o f w a ter  a c r o s s  

the equator now h avin g i t s  s o u r c e  south  of the C ape of G ood H ope  

and flow ing v ia  the B en g u e la  and South E q u a to r ia l C u rren t b ra n ch es  

of the c ircu la tio n  p a ttern .

(d) C on stan t depth so lu tio n s

W ith D co n sta n t, N eu m an n 's v o r t ic ity  equation  (4 .27)

b ecom es

T,r-72 , 9f S’f  K x . 9^ /V7 v \ Tx * „
KV + 57 5 J - R  tan* - S 7 = ' (VXT>Z- T T tan* <6'3>

Since the fa c to r  D a p p ea rs  on ly  in  equation  (4 .27 ) d iv id ed  into  

one of its sp a ce  g ra d ien t com p o n en ts, equation  (6 .3 ) is  ind ep en d ent  

of the actu al va lu e  a s su m e d  for D.

The r e s u lt  of n u m e r ic a lly  in teg ra tin g  equation  (6 .3 ) , w ith  

the sam e com p u ter  p r o g r a m , w ind  s t r e s s  data, co n sta n ts  and  

boundary co n d ition s u se d  for th e v a r ia b le  depth c a lc u la t io n s , is  

plotted in figu re  6 .5 . C o m p a red  w ith  the c ir c u la tio n  d e r iv e d  for  

the v ar iab le  depth c a s e  (f ig u re  6 .3 ) , the c e n te r s  of th e m ajor  g y r e s  

have b een  d isp la ce d  w e stw a r d  and th at th e  to ta l v o lu m e of w ater  

circu lating  in th e se  g y r e s  h as b een  red u ced  by about 25 p e r c e n t in  

the North A tla n tic , and about 39 p e r ce n t in  th e  South A tla n tic . T h is  

behavior m ay be co m p a red  w ith  th e p r o p e r t ie s  o f the c u r v e s  p lo tted  

in figu res 5 .1 , 5 .2 . The F lo r id a  C urren t has b een  red u ced  by so m e  

16 p ercen t on ly , h o w ev er , m o s t  of th e N orth  A tla n tic  lo s s  b ein g
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a s so c ia te d  w ith  th e  v ir tu a l ex tin c tio n  of the A n tille s  C u rren t. It i s  

p o s s ib le , h o w e v e r , th at th is  m ay have la rg e ly  b een  due to  c o n -
tr

ditions im p o se d  on the grid p oin t at the sou th east tip  o f the C a r ib 

bean Is la n d ,r.

U se  o f a co n sta n t depth in  the ca lcu la tion s has r e s u lte d  in  

other ch a n g es in  th e  c ir c u la t io n  when com pared w ith the v a r ia b le  

depth c a s e .  In th e e q u a to r ia l reg io n , the r e la t iv e ly  s im p le  c o u n ter -  

cu rren t s y s t e m  d e v e lo p e d  in  the variab le  depth m od el has b een  

c o m p lica ted  by a  s tr o n g  n o r th w e ste r ly  trend to s tr e a m lin e s  o f the  

"south e q u a to r ia l cu rren t"  s y s te m  w hich, in the constan t depth  

c a se  ex ten d ed  fr o m  th e  C ape of Good Hope as  far north  a s  th e  e q u a 

tor. A ny s u g g e s t io n  o f  an  eq u a to r ia l coun tercu rren t is,, in  th e c o n s ta n t  

depth a n a ly s is ,  c o n fin ed  to  th e  e a s te r n  sid e  o f the o cea n , sa y  e a s t  

of lon gitu d e 2 5 °W. A la r g e  c y c lo n ic  eddy f il ls  the Gulf o f G u inea .

In th e S ou th ern  O cean , the constant depth s itu a tio n  y ie ld s  a  

g rea tly  r ed u c ed  n o rth w a rd  d e fle c tio n  of s trea m lin es  n o r th e a s t  o f  th e  

D rake P a s s a g e ,  and th e s e  s tr e a m lin e s  show a s im p le  zon a l tren d  

south of 45 °S and e a s t  of 50 °W. That th is b ehavior is  due p r im a r ily  

to the depth pattern and  is  in flu en ced  little  by the w ind, is  d e m o n 

s tr a ted  b y  c o m p a r iso n  b e tw een  fig u re  6.5 and the a s s o c ia te d  z e r o  

s t r e s s ,  c o n sta n t depth m o d e l (figu re  6.6). The m ain e ffe c t  o f th e  

w in d -in d u ced  a n t ic y c lo n ic  g y ra l in the constant depth m o d el is  to  

confine th e s t r e a m lin e s  o f  th e c ircu m p o la r  flow into a m u ch  n a r r o w e r  

m erid io n a l c o m p a s s  than w a s evident in the s im p le  u n co n stra in ed  

flow  fr o m  s o u r c e  to  s in k  (f ig u re  6 .6 ). The 11 con vergen ce"  b e tw e en  

the B r a z il  C u r r en t and th e F a lk la n d  Current in the v a r ia b le  s t r e s s  

constan t depth m o d e l i s  found in south latitude 4 5 ° , about 15 d e g r e e s
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of la titu d e  fu rth er  south than it  appeared^on the variab le  depth m o d e l, 

due to  th e pronounced w estw ard d isp la c e m e n t of the South A tla n tic  

g y r e  in  the fo r m e r  m odel.

A s in  the zero  s tr e s s  v a r ia b le  depth m odel, a narrow  f i l a 

m en t of c u r re n t ca rr ied  m ost o f the req u ired  northward flow  a c r o s s  

th e  eq u ator  fro m  the Drake P a s s a g e  (f ig u re  6.6). In co n tra st, h o w 

e v e r , the con stan t depth flow r e m a in e d  concentrated  on th e  w e s te r n  

s id e  of the N orth  A tlantic, m o stly  flow in g  through the C aribbean  and  

th e  S tr a its  of F lorid a , to account fo r  n e a r ly  17 percent o f the to ta l  

" F lo r id a  C urrent" appearing in  th e v a r ia b le  s tr e s s , con stan t depth  

s itu a tio n .

The la r g e  cyclon ic eddy f i l l in g  the W eddell Sea in both v e r 

s io n s  o f th e v a r ia b le  s tr e s s  m o d els  (f ig u r e s  6.3 and 6.5) is  a fe a tu re  

o b s e r v e d  on m o st current m aps of th is  a r ea , and appears to be due 

p r im a r ily  to  the wind pattern, s in c e  no tr a c e  of th is s tr u c tu r e  a p 

p e a r s  in  th e corresponding z e r o  s t r e s s  resu lts  (figure 6 .4  and 6 .6 ).

(e) Solution with depth p rop ortion a l to s i r u p

It is  in tere stin g  to  co n firm  that the co m p le te  

c o m p e n sa tio n  o f the planetary v o r t ic ity  by the assum ption  of a lo w e r  

la y e r  top ograp h y proportional to  the s in e  of the latitude r e s u lt s  in  

a c ir c u la t io n  pattern rem arkably sy m m e tr ic a lly  p laced  b e tw een  the  

e a s te r n  and w e ste r n  boundaries (f ig u re  6 .7 ). It m ust be e m p h a siz e d  

th at th is  f ig u re  rep resen ts only a p a r tia lly  converged so lu tion .

L itt le  ch an g e  in the g eo m etr ica l s tr e a m lin e  configuration is  e x p e c te d  

by c o m p le tio n  of the solution, but c o n s id era b le  changes in the v a lu e s  

of th e s tr e a m  function at any p o in t w il l  occu r.

T he cen ter  of the North A tla n tic  g yra l is  d isp laced  p o lew a rd  

in  the g e n e r a l integration (figu re  6 .3 ) com pared  with the e x tr e m e
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s itu a t io n s  r e p r e se n te d  by f ig u r e s  6.5 and 6 .7 . In th is  con n ection  it 

w ould  be o f in te r e s t  to  lo o k  in to  the e ffect o f v a r ia tio n s  in  the m a g 

n itu d e of the c o e ff ic ie n t  o f d ^ / B y ,  the zon a l tr a n sp o r t , on m erid ion al 

a sy m m e tr y  in  the c ir c u la t io n  pattern .

6 .4  C o n clu sio n s

T he r e s u lt s  o f the foregoing c a lc u la tio n s  p ro v id e  an in te r 

e s t in g  so u r c e  of sp e cu la tio n  concerning the n atu re  o f th e topographic, 

or " th ic k n e ss” in flu en ce  on o cea n  c ircu la tio n . T h ey  can , h ow ever, 

c la im  to p rov id e  v e r if ic a t io n  neith er of the im p o rta n ce  of the to p o 

g ra p h ic  v o r t ic ity  te r m s  in  the c a se  of a "natural"  depth of no m otion, 

nor of the c h o ic e  o f the D efant surface a s  an a p p ro p ria te  rea liza tio n  

of th is  depth, un til th e  q u estio n s  ra ised  in s e c t io n  4 have b een  r e 

so lv e d . T he su g g e st io n  o f that section  w a s  that th e  top ograp h ic  

v o r t ic ity  (4 .1 9 ) v a n ish e s  w hen the low er boundary of th e  w ind-driven  

c ir c u la t io n  is  a f r ic t io n le s s  su rfa ce . If th is  i s  tr u e , th en  the d is 

s im ila r ity  b etw een  th e  tr a n sp o r t patterns o f f ig u r e s  6 .3  and 6 .5  

m u st be in te r p r e te d  not a s  a m easu re  o f th e dyn am ic s ig n ifica n ce  

of th e top ograp h ic  te r m s  but a s  a d em on stra tion  th at th e D efant 

su r fa c e  l ie s  ab ove the lo w er  boundary o f  th e c ir c u la tio n  induced  

in  the m o d el by the p a r tic u la r  wind p attern  u sed .

V e r t ic a l sh r in k in g  or stretch in g  in the v e r t ic a l  ex ten t of 

circu la tin g , w a ter  m a y  c e r ta in ly  be ex p ected  to in tro d u ce  v o r tic ity  

ch a n g es of the flow  in  in d iv id u a l le v e ls , co m p a red  w ith  the c o n 

sta n t th ic k n e ss  s itu a tio n . The previous a n a ly s is  s u g g e s t s ,  h ow 

e v e r , that the v e r t ic a lly  in teg ra ted  tra n sp o rt p a ttern  sh ou ld  be  

id e n t ic a l fo r  any g iv en  o cea n  sy ste m  ir r e s p e c t iv e  of w h eth er  the  

in teg r a tio n  is  c a r r ie d  ju st to  the naturally  d ev e lo p ed  lo w e r  lim it
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of th e  m ovin g  w ater  or beyond this lim it  to  a le v e l  su r fa c e  in  a la y e r  

of m o t io n le s s  w a ter . To in vestigate  th is q u estio n  it  w i l l  be n e c e s 

s a r y  to  un dertake a th ree-d im en sion a l a n a ly s is  of th e p r o b le m  

le a v in g  c a lcu la tio n  of the vertica lly  in teg ra ted  tr a n s p o r ts  t i l l  

th e  fin a l s te p .

If D efan t's su rface is  not the upper boundary o f a  la y e r  of 

no m o tio n , th en  it  m ust m ark either

(a) a la y e r  o f w ater moving in g eo stro p h ic  e q u ilib r iu m  and  

w ith out s e n s ib le  v e r t ic a l shear, or

(b) a r eg io n  in  which flow is  m ark ed ly  a g e o s tr o p h ic  due to  

fr ic t io n .

L itt le  can be sa id  at present about fr ic t io n  in  the deep  o cea n . 

M ost th e o r ie s  have been fram ed in te r m s  of E k m a n 's  co n cep t o f  

fr ic t io n a l flow  b ein g  m ost sign ifican tly  co n c en tr a ted  in  the su r fa c e  

la y e r s  d ir e c t ly  s t ir r e d  by the wind. In th e m id d le  la titu d e  r e g io n s  

of m ig r a to r y  c y c lo n es  and an ticyclon es it  is  c o n c e iv a b le  th at a 

d e sc r ip t io n  of the ocean in term s of a s tea d y  s ta te  m o d e l, ev en  

w ith  the f ie ld  a cce lera tio n s  included, is  e n t ir e ly  in ad eq u ate .

" S torm  s lo p es"  induced on the su rface  by the rap id  p a s s a g e  o f  

w e a th er  s y s te m s  m ay w ell induce tra n sien t g ra d ien t c u r r e n ts  that 

r e a c h  to  the b ottom , in the f ir s t  in sta n ce , and w h ich  n e v e r  h ave  

t im e  to  in d uce com p lete  mutual adjustm ent b e tw een  th e  m a s s  and  

v e lo c ity  f ie ld s . It would be in terestin g  to con tin u e c a lc u la t io n s  of 

th e d ev e lo p m en t of the depth of no m otion for  v a r io u s ly  m o d e lle d  

f ie ld s  o f w ind s t r e s s  and of ocean d en sity , a lo n g  th e l in e s  in d ic a te d  

by N eum ann (1955 , pp. 18-22). If tim e dependent e f fe c t s  w e r e  

in c lu d ed , a t im e  average  of the s tr e s s -d is tr ib u t io n  in  th e v ic in ity
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of the " av era g e  su r fa c e  of no m otion" m ay p rov id e a new  b a s is  for  

d isc u ss io n  of the s ig n if ic a n c e  of the top ograp hic v o r tic ity . In tro 

duction of a p a r ticu la r  f ie ld  of m a ss  into an o cea n  m od el i s  ta n ta 

m ount to sp ec ify in g  a p a r ticu la r  th erm od yn am ic d riv in g fo r c e  into  

the s y s te m  and th is  shou ld  p ro p er ly  be in clu d ed  in  the equations of 

m otion. No d is c u s s io n  of the b eh av ior  of the depth of no m otion  can  

be r e a l is t ic  w ithout the in c lu s io n  of th erm od yn am ic  argu m en t, fo r , 

w h ile  the d e ta ils  o f the topography of su ch  a su r fa c e  w ill  r e f le c t  the  

in tera c tio n  of dynam ic p r o c e s s e s  a s r e p r e se n te d  in  the equations  

of m otion , its  fo rm a tio n  is  p r im a r ily  govern ed  by the o cea n ic  m a ss  

f ie ld  w hich  ow es its  e x is te n c e  to  c lim a to lo g ic a lly  induced  p a ssa g e  of 

heat and w ater  a c r o s s  the a ir - s e a  in ter fa c e .

The D efant su r fa ce  r e f le c ts  the rea c tio n  of the o c ea n ic  m a ss  

d istr ib u tion  to the to ta l o cea n ic  v e lo c ity  f ie ld . T hus, in reg io n s  

w h ere a th erm o h a lin e  driven  c irc u la tio n  m ight p o s s ib ly  be ex p ected  

to fo rm  a s ig n ifica n t contribution  to the to ta l flow , the D efant r e f e r 

en ce  le v e l  cannot be s im p ly  id en tified  w ith  a lo w er  boundary of the 

w in d -d r iv en  com ponent o f th e to ta l c ircu la tio n . Indeed, the w in d -  

d riven  and th erm o h a lin e  com pon ents w ill  not, in g en era l, be s e p a r 

ab le  b e c a u se  o f fr ic t io n a l coup ling  b etw een  the two com pon en ts and 

n o n lin e a r itie s  in the th erm od yn am ic eq u ation s. T h is co m p lica tio n  

m ay be p a r tic u la r ly  ev id en t n ear  the w e s te r n  o cea n ic  boundary w h ere  

the deep th erm od yn am ic c irc u la tio n  m ay be co n cen tra ted , or in 

su r fa c e  so u r c e  reg io n s  for the deep w a ter  m a s s e s .

S tom m el (1956) p r e se n te d  so m e  ev id en ce  w hich  could  c la im  

the o c cu rr e n c e  of m axim u m  v e r t ic a l v e lo c it ie s  at the le v e l  of no 

m erid io n a l m otion . T h is o f c o u r se , r e p r e se n ts  a ra th er  d ifferen t
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m odel from  the on e on w hich  equation (4 .27 ) is  b a s e d , in  w h ich  

the depth D i s  one o f no absolute m otion .

The in c lu s io n  o f th erm ohaline c o n s id e r a t io n s  in to  a th eo ry  

of ocean c ir c u la t io n  a p p ea rs  to p re sen t a v e r y  d iff ic u lt  p r o b le m , 

and the lite r a tu r e  a w a its  defin itive  con tr ib u tio n s in  th is  f ie ld .  

Stom m el (I9 6 0 , p. 160) has ind icated  how so m e  m o d if ic a tio n  of the 

Sverdrup a n a ly s is  m igh t be e ffected  to in c lu d e  e le m e n ta r y  th erm o 

dynamic a rg u m en t. N o attem pt w ill be m ad e in  th is  stu d y  e ith e r  

to d iscu ss  the a n a ly t ic  trea tm en t of the th er m o h a lin e  c ir c u la t io n  

or to provide a  r e p r e se n ta t iv e  b ib liograp h y  of th is  f ie ld . R ecen t  

papers of g e n e r a l d y n a m ica l in ter e st  w h ich  a ls o  t r e a t  c e r ta in  

therm odynam ic a s p e c t s  of the c ircu la tio n  p r o b le m  a r e  by W yrtki 

(1961) and by S to m m e l and W ebster (1962).
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7. V a r ia tio nal m ethods

Neum ann (1955) su g g ested  that a b a ro c lin ic  ocean  r ea c ts  to 

the com bin ed  co n stra in ts  of w ind s t r e s s  torque and of n on -u n iform  

rotation , by a ssu m in g  variou s com bin ations of w estw ard  in ten sif ic a tio n  

(se c t io n  3) and of adjustm ent of the topography of the lo w er  boundary  

of the la y er  of c ircu la tin g  w ater  d r iven  by the w ind (se c tio n  4). It w as 

further su g g e ste d  that sp e c if ic  ocean  a r ea s  show ed a c h a r a c te r is t ic  

p artition  am ong th e se  r ea c tio n s , m any reg ion s tending co m p le te ly  to 

b alan ce the p la n eta ry  v o r tic ity  by the low er  boundary ad ju stm en t.

The q u estio n  then a r is e s :  what d e term in es  the d eg ree  o f  

p artition  am ong the two m od es of rea c tio n , w estw a rd  in ten sif ic a tio n  

and top ograp hic adju stm en t, of an o cea n 's  rea c tio n  to an ap p lied  

w ind s t r e s s  pattern  in any g iven  dyn am ica l s itu ation ?  A su ffic ie n tly  

g en era l an sw er  to th is  q u estion  w ould  a lso  r e s o lv e  the d ifficu lt ie s  

m en tion ed  in se c t io n  4 con cern in g  the dyn am ical s ig n ifica n ce  o f the  

"topographic v o rtic ity"  in a deep ocean . An an sw er  w ould fu rther be 

p rovided  to the q u estion  r a ise d  in  se c t io n  5 con cern in g  the a d m is s i 

b ility  of s e p a ra te ly  sp ec ify in g  w ind s t r e s s  and fr e e  lo w er  boundary  

topography in an ocean  m od el.

In g en era l te r m s , the p a r ticu la r  rea c tio n  of any dyn am ica l 

s y s te m  having s e v e r a l  d e g r ee s  o f freed o m , or v ar iou s p o ss ib le  

m od es of rea c tio n  to a g iven  s e t  of c o n stra in ts , m ay be d er iv ed  from  

a v a r ia tio n a l techn iq ue involv ing the c la s s ic a l  H am ilton ian  d escr ip tio n  

of the sy s te m . T h e se  tech n iq u es, stand ard  in " p a rtic le  dynam ics"  

and in g e n e r a liz e d  f ie ld  th eo ry , s e e m  to have found l it t le  ap p lica tion  

in  ocean ograp h ic  s tu d ie s , and at le a s t  in  the w r ite r 's  e x p e r ie n c e ,
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a r e  not n o rm a lly  included in  fo r m a l c o u r s e s  on dynam ical o c e a n o 

graphy. It w il l  thus be of in te r e s t  to  su m m a r iz e  here the p r in c ip le s  

in v o lv ed . The principal s o u r c e s  of in fo rm a tio n  tapped here w ere  

G o ld ste in  (1958), and H ir sc h fe ld e r , e t a l (1954).

G e n e ra lize d  coord inates

In form al dyn am ica l s tu d ie s  it  is  often convenient to  

in tro d u ce  a s e t  of gen era lized  c o o rd in a te s  to d escrib e  the sy s te m  

stu d ied . T h e re  w ill  be as m any of th e s e  (independent) coord in ates  

a s  th e r e  a r e  d eg rees  of fr e ed o m  of the d yn am ica l system . Any 

q u a n tities  appropriate to the p a r tic u la r  p ro b lem  may be used  a s  th e s e  

g e n e r a liz e d  coord in ates, fro m  the co n v en tio n a l position coord in ates  

to  q u a n tities  w ith  d im ensions su ch  a s  e n e rg y  or momentum. T he  

k**1 g e n e r a liz e d  coordinate sh a ll  h e r e  be denoted  as q^(x, y, z, t) 

and q^ sh a ll be the corresp on d in g  g e n e r a liz e d  v e lo c ity , which n eed  

not n e c e s s a r i ly  have the d im en sio n s  [LT- 1 ].

A  co n serv a tiv e  s y s te m  is  one in  w hich  the net work done 

in  p a s s in g  around  any c lo se d  path in the s y s te m , is  zero. , i. e .

 ̂ F". d T ^  0 (7 .1 )

If th is  r e la t io n  holds, the fo r c e  F , and th e sy s te m  in which it  a c ts ,

i s  c a lle d  co n serv a tiv e . For su ch  a s y s te m , the force F m ay be

d e r iv e d  fr o m  a potential fu n ction , $ ,  su ch  that

F  = -V  $r (7 .2 )

ds i s  an e le m e n t of the c lo se d  path.

The Lagrangean function, or  s im p ly , the Lagrangean, c h a r a c t e r 

i s t i c  of a d yn am ical sy stem , is  d e fin ed  as
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L(qr q2»'* *; q2 . • • • )  = t  -  ^ (7 . 3 )

w here T is the system  k in etic  e n e rg y  and $  is  the s y s te m  p o ten tia l 

en ergy  function. The L agrangean is  c a lle d  by so m e  w r it e r s  the  

k in etic  potential.

Ham ilton's P r in c ip le . If a  d y n a m ica l s y s te m  m ay be fu lly  

d escr ib ed  by a set of n independent g e n e r a liz e d  co o rd in a te s  

(q^, q2 . • • • , q ^  then the dyn am ica l s ta te  o f the w h ole  s y s te m  a t any  

in stan t may be conveniently r e p r e se n te d  by a point iri a C a r te s ia n  

n -d im ensional hyperspace (" con figu ra tion  sp a ce" ) for  w h ich  the  

q^'s represent the n coord inate a x e s . T h is  s y s te m  p o in t tr a c e s  

out a curve in configuration sp a ce  a s  t im e  g o es  on. T h is cu rv e  w ill  

be re ferred  to as the "dynam ical path" or the "m otion" o f the s y s te m ,  

and tim e rep resen ts a p ara m eter  o f the cu rv e .

For a con servative s y s te m , H a m ilto n 's  P r in c ip le  s ta te s  that 

the m otion of the sy stem  from  tim e  t i  to  t im e  tg is  su ch  th at the l in e  

in teg ra l I (i«e. , the in tegra l a long  the d yn am ica l path),

t2
I = /  L d t (7 .4 )

ti

is  an extrem um . In other w o rd s, out o f a l l  the p o s s ib le  paths by  

w hich the system  point could have m o v ed  through co n fig u ra tio n  

sp ace  between the in itia l and fin a l s ta te s  r e p r e se n te d  by t  ̂ and t^, 

it  w ill actually move along that path fo r  w h ich  th e in te g r a l I is  an 

extrem um  (usually a m inim um ). S in ce  the in te g r a l I r e p r e s e n ts  

the tim e interval (^ -t^ ) m u ltip lied  in to  the a v e ra g e  v a lu e  o f the  

Lagrangean over this in terva l, H a m ilto n 's  P r in c ip le  im p lie s  that 

the d ifferences between the tim e  a v e r a g e s  o f the s y s te m  k in e t ic  and
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and p o ten tia l e n e r g ie s  have a s ta tio n a ry  va lu e. F o r  the actual motion 

of the s y s te m  poin t, then, the a v era g e  k in etic  en erg y  approaches the 

a v era g e  p o ten tia l en erg y  m o re  c lo s e ly  than for  any oth er m otion (b e 

tw een  the sa m e in it ia l and fin a l s ta te s )  or e ls e  d iv erg es  from  it m ore 

than any oth er m otion .

U se  of the notation  o f the c a lcu lu s  of v a r ia tio n s  enables  

equation  (7 .4 ) to be w r itten  as  a zero  v a r ia tio n  of the in teg ra l I,

in  w hich  a r e p r e se n ts  a p a ra m eter  d ifferen tia tin g  b etw een  a ll the 

p o ss ib le  paths o f the sy s te m  point through con figu ration  sp a ce .

L a g ra n g e 's  equations of m o tio n . F ro m  H am ilton 's P rin cip le

(7.5), m ay be d e r iv ed  the E u le r -L a g ra n g e  equations of m otion  (7.7).

The equations (7 .7) a re  so m e tim e s  r e fe r r e d  to s im p ly  as  Lagrange's 

E q u ation s, and a r e  not to be con fu sed  w ith  the "L agrangean  rep re 

sen ta tion " , as op p osed  to the E u ler ia n  r ep resen ta tio n  of the equations 

of m otion  (2 .6  ) as u su a lly  em p lo y ed  in h yd rod ynam ics (Lamb.1945, 

p. 12 ). The quantity

*2
6 J  L dt = 0

ti
(7.5)

w h ere

61 = (8 I /8 a )a=()da (7.6)

(7.7)

8L (7.8)
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is  c a lle d  the " g en era lized  m om entum " (so m e tim e s  "canonical" or 

"conjugate" m om entum ) c o rresp o n d in g  to  the coordinate q .̂ p. w ill  

have the dim ensions [M LT"1] o n ly  i f  i s  a  C artesian  coordinate.

The Lagrange equ ation s (7 .7 ) r e p r e se n t a general form  of 

N ew ton 's  Second Law  (1. 1) and, fo r  a s y s te m  having n d egrees of 

fr eed o m , form  a s e t  of n sec o n d  o r d e r  ord in a ry  d ifferentia l equa

tio n s  w hose solution m ay be s p e c if ie d  by m ean s of a com plete se t  

(n) o f gen era lized  co o rd in a te s  (q^) and v e lo c it ie s  (q )̂ at a given  

t im e , (t).

The dynam ics of c o n s e r v a t iv e  s y s te m s  m ay thus be d e 

s c r ib e d  using the v a r ia tio n a l p r in c ip le  (7 .5 ) as the b asic  postu late, 

ra th er  than N ew ton's la w s of m otion . Such a procedure has im 

portan t advantages. F ir s t ly , it  r e p la c e s  the equations of Newton, 

w h ich  contain vector  fo r c e s  an d  a c c e le r a t io n s ,  by a form ulation  

th at contains only the tw o s c a la r  fu n ctio n s T and which are inde

p enden t of the p a r ticu la r  c h o ic e  o f g e n e r a liz e d  coordinates. More 

im p ortan t, h ow ever, i s  th e u n ifica tio n  that m ay be ach ieved  within  

the fram ew ork of th e fo r m a l H a m ilto n ia n  form ulation  of the 

a n a ly tic a l treatm ent of m any b ra n ch es  o f p h y s ic s , in particular, 

th e  g en era l theory o f  f ie ld s .

E xtension  to n o n -c o n se r v a t iv e  s y s t e m s .  F or certain  kinds of 

d yn am ica l sy stem s in  w hich  n o n -c o n s e r v a t iv e  fo rces  are acting it 

i s  p o ss ib le  to define a L agran gean , L, su ch  that the form al stru ctu re  

o f th e Lagrange equ ation s (7 .7 ) m a y  s t i l l  be em ployed.

For the p r e se n t a p p lica tio n  to  o cea n  dynam ics, the m ost 

im p ortan t n o n -co n serv a tiv e  e le m e n t in  the b a lan ce of fo r c es  is  due 

to  fr ic tio n . In the fo reg o in g  s e c t io n s ,  freq u en t use has been m ade
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of a fr ic tio n a l fo r c e  p er  unit m a ss  w hich  is  p rop ortion a l to the v e lo c ity

F  = KV (7 .9)

A  fo r c e  of th is type m ay be obtained fro m  a " d iss ip a tio n  function",

'3 ', in trod u ced  by R ayle igh  (Lam b, 1945, p. 580).

y  = 2 -K (V .V ) (7.10)

2 ^  r e p r e se n ts  the ra te  o f en erg y  d iss ip a tio n  due to fr ic tio n . U se  

of th is  function  en ab les L agra n g e's  equation  (7. 7) to  be w ritten  in 

the fo rm  (7 .11).

S im ila r  " g en era lized  p oten tia ls"  m ay be defin ed  for  the 

d er iv a tio n  of o th er m o d els  of fr ic tio n a l fo r c e s . F o r  exa m p le , the 

A iry  s t r e s s  function , u sed  in th e o r ie s  of e la s t ic ity , m ight be m o d i

fied  to  g en era te  fr ic t io n a l fo r c e s  w hich  depend on the grad ien t of 

s t r e s s  w ith in  a flu id .

A co rresp on d in g  g e n e ra liza tio n  of the v a r ia tio n a l p r in c ip le

(7 .5 ), m ay be m ade so  that n o n -c o n ser v a tiv e  fo r c e s , obtained from  

a g e n e r a liz e d  p o ten tia l, m ay be inclu ded . The ex ten d ed  H am ilton ’s 

P r in c ip le  turns out to be (G oldstein , 1959, p. 38)

*•2
51 = 6 /  (T + W )dt = 0 (7 .12)

t i

w h ere  6W r e p r e se n ts  the w ork done by a ll fo r c e s  on the sy s te m  

during the v ir tu a l (in stan tan eou s) v a r ia tio n  of the path of m otion  of 

the sy s te m  through con figu ra tion  sp a c e .
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T he H a m ilto n  E q u ation s of M otion. T h e L agran ge  equations 

of m otion  (7 . 7) p r o v id e  d escr ip tio n  of a d y n a m ica l sy s te m  with n 

d egrees o f fr e e d o m  in  te r m s  of n second o r d e r  d ifferen tia l equations 

containing th e g e n e r a liz e d  coordinates and th e g e n e r a liz e d  v e lo c itie s  

as independent v a r ia b le s ,  and tim e as a p a r a m e te r . It is  often  

convenient to  u t i l iz e  in s te a d  the H am iltonian fo rm u la tio n  in which 

the independent v a r ia b le s  a r e  the g en era lized  co o rd in a te s , q ,̂ and 

the g e n e r a liz e d  m o m en ta , p^, defined in eq u ation  (7 . 8). T ra n s

form ation  fr o m  the (q^, q^, t) s e t  of equations (7 . /)  to  a (q^, p ,̂ t) 

set req u ires  in tro d u c tio n  of the H am iltonian F u n ctio n , H, character

is t ic  of the d y n a m ica l s y s te m , where

H (p ,q , t) = 2  4  p. - L(q, q, t) (7.13)
i -1

The g e n e r a liz e d  v e lo c i t ie s ,  q̂  appear in the H am ilton ian  both e x 

p lic it ly  in the f i r s t  te r m  on the right hand s id e  of (7 .13 ) and im 

p lic it ly  in the L a g ra n g ea n , L. The H am ilton ian  is  n u m erica lly  

equal to  the to ta l e n e r g y , T + $  , and is  thus a con sta n t of the m otion  

for a c o n s e r v a t iv e  s y s te m .

T he eq u a tio n s o f m otion  may then be red u ced  to the fo llo w 

ing set:

■ ^ f r  < 7 - 1 4 >

- P i = |S .  (7.15)

9L _ 9H .
" 9 F " 9 t  (7 ' 16)

known as  th e  " c a n o n ica l equations of H am ilton". T h ey  rep lace the 

n secon d  o r d e r  L a g ra n g e  equations by 2n f ir s t  o rd er  equations. The 

low er o r d e r  eq u a tio n s have been  obtained a t th e  ex p en se  of raising
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the range of ind ep en d ent v a r ia b le s  fro m  n to  2n by fr e e in g  the g en e

ralized  m om enta fro m  any d efin ed  r e la tio n sh ip  to the g e n e r a liz e d  

coord inates, ex ce p t th rou gh the eq u ation s of m otion  th e m s e lv e s .

A  m o re  g e n e ra l v a r ia tio n a l p r o c e s s .  In a con fig u ra tio n  

space form ed  fro m  the n g e n e r a liz e d  c o o r d in a te s , the in it ia l and  

final configu rations of the sy s te m  at t im e s  t^ and t ^  r e s p e c t iv e ly ,  

are each  r e p r e se n te d  by a poin t. The te r m  " v a r ia tio n  of the in teg ra l"  

refers to the v a r ia tio n  in the va lu e  o f th e in te g r a l (7 .4 ) a s  th e path  

tra versed  by the s y s te m  p o in t b etw een  the two end p o in ts is  changed . 

For the 6 -v a r ia tio n  (7 .6 ), the v a r ia tio n  is  d e sc r ib e d  as o ccu rr in g  

for constant t im e . T he end poin t t im e s  a r e  th e r e fo r e  h e ld  fix ed  so  

that the " tra v e l tim e"  b e tw een  the two co n fig u ra tio n s  is  th e sa m e  

for a ll paths. In ad d ition , the v a r ie d  p ath s a r e  c o n s id e r e d  to be b u ilt  

up from  a s u c c e s s io n  o f v ir tu a l d isp la c e m e n ts  fro m  the p o in ts  of the  

actual path tr a v e r s e d . T h is  in v o lv e s  no change in  t , in c o n tr a s t to  

an actual d isp la ce m e n t w hich  o c c u r s  in  a tim e  in ter v a l dt during  

which the fo r c e s  and c o n s tr a in ts  m a y  ch an ge .

If ea ch  of th e p o s s ib le  paths in  con fig u ra tio n  sp a c e  is  la b e lle d  

with a p a r a m e te r  a, th e c o o rd in a te s  o f a point in th is  sp a ce  b e c o m e  

functions of both t and a, th e la tte r  in d ica tin g  w hich  path o f in te  - 

gration is u sed .

5 - d a  £  (7 .17 )

(7.17) thus c o rr e sp o n d s  to  v ir tu a l d isp la c e m e n ts  in w hich  the tim e  

is held fixed  and the c o o rd in a te s  a r e  v a r ie d  su b jec t to the c o n str a in ts  

im posed  on the s y s te m . Such a v ir tu a l d isp la c e m e n t d oes not a lw ays  

coincide w ith  a p o s s ib le  a c tu a l d isp la c e m e n t o ccu rr in g  in  the c o u r se
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of the m otion . C on seq u en tly  the v a r ied  path in  the 8 -p r o c e ss  n eed  

not c o r r e sp o n d  to a p o s s ib le  path of m otion  for  the system ; in p a r ti

cu la r  the H a m ilton ian  m ay  not be c o n se r v e d  in the variation . In 

c o n tr a s t , a " A -v a r ia tio n "  p r o c e s s  m ay  be defined which d ea ls  w ith  

d isp la c e m e n ts  w h ich  do in v o lv e  a change, dt, in the tim e. It m ay  

thus be req u ir ed  that the v a r ie d  paths sh a ll be consisten t w ith  the 

p h y s ic a l m o tio n  in  su ch  a p r o c e s s .  The tim e  of transit a lon g  the  

v a r ie d  paths n eed  now no lo n g e r  be th e sa m e , for the s y s te m  point 

m ay have to " sp eed  up" or " slow  down" to  keep  the H am iltonian  

co n stan t. A s a r e s u lt  the A -p r o c e s s  in c lu d es  a variation  of t 

even  at the end p o in ts , w h ile  the v a r ia tio n  o f the q. s t i l l  rem a in s  

z er o .

It tu rn s out that

Aq = 6q + q A t (7 .18 )

T h is  v a r ia tio n a l p r in c ip le  w h ich  perhaps is m o st app ro

p r ia te  to  the o cea n  d y n a m ica l p ro b lem  le a d s  to the P r in c ip le  of 

L e a s t  A ction

AA = 0 (7 .1 9 )

w h ere  A is  the A ctio n ,

A = /  S  p. q. dt (7 .2 0 )
t i  i  1 1

Som e fu rth er  c o n seq u e n c es  of the Ham iltonian fo rm u la tio n , 

w hich  m a y  find  a p p lica tio n  in th e p r e se n t  prob lem , m ay be o u tlin ed  

as fo llo w s .

C o n sid er  a p ro p er ty  o f the s y s te m
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F = F ( q i . P i »t) (7 .21)

which depends on th e  d y n a m ica l sta te  of the sy stem  and, in  g e n e r a l,  

ex p lic itly  on t im e . F  m ay  be any sy stem  property; in  the p r e se n t  

context, for e x a m p le , it  m igh t be the depth of no m otion. T he  

change o f F  w ith  tim e  fo llow in g  a point along a natural tr a je c to r y  

is  given by equation  (7 .2 2 ).

dF
dt

9F  . _  / 9 F  • , 8F • \  , 7
= -st <7-2 2 >

U se of th e ca n o n ica l equations of Hamilton y ie ld s  equation

(7.23).

^  = (7 .2 3 )

where [F , H] is  th e P o is s o n  b ra ck et of F and H,

• ' ■ “ I = ‘ 7-2 4 ’

P h a se  sp a c e . In an a lo g y  to configuration space in L agran gean  

form ulation , a 2 n -d im e n s io n a l C artesian  space form ed o f c o o r d i 

nates (q^, • • • , q^, p^ , p^, ' * ' , Pn)» known as phase s p a c e , m a y

be defined. The c o m p le te  d yn am ica l sp ecification  of a m e c h a n ic a l  

sy stem  w ill  be g iv en  by a poin t in  phase space.

S in ce  the p a s t  and fu ture h istory  of a sy stem  is  d e te r m in e d  

by its  p r e se n t s ta te , a po in t in  p h ase  space uniquely d e te r m in e s  a 

tra jectory  that the r e p r e se n ta t iv e  point of a sy stem  tr a c e s  out in  

phase sp a ce  a s  t im e  g o e s  on. T his m otion is  re ferred  to a s  the  

natural m otion  of the p h a se  point and is  described  by H a m ilto n 's  

canonical eq u ation s (7 .1 4 ), (7 .1 5 ), and (7.16).
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If a c o lle c t io n  of n o n -in tera c tin g  s y s te m s  be co n sid ered , 

each  m em b er  of w hich  d iffers  fro m  the o th ers  only in its  in it ia l  

s ta te , the s ta te  of the en tire  s y s te m  m ay be d escr ib ed  by a c lu s te r  

of p h ase  p o in ts . F or  a su ffic ie n t ly  la r g e  num ber of s y s te m s  th is  

c lu s te r  m ay be r ep re sen ted  by a continuous d istr ib u tion  function  

P̂ > t)> " d en sity  in p h ase  sp ace" . T he sp e c if ica tio n  of th is  

d en sity  function  m ay be m ade a r b itr a r ily  for som e in it ia l in stan t  

but w ill then be d eterm in ed  for a l l  la te r  t im e s  by the equations of 

m otion. S in ce th ere  can be no so u r c e s  and sin k s o f p h ase  p o in ts, 

the d en sity  function  w ill sa t is fy  a g e n e r a liz e d  form  of the continuity  

equation (7 .25 ).

i. e . , the d en sity  of sy s te m s  in  the p h ase  sp a ce  neighborhood of 

so m e g iven  sy s te m  is  constant through tim e .

p r in c ip les  to the ocean  c irc u la tio n  p ro b lem  outlined  at the beginning  

of th is  sec tio n .

m ay be in s tr u c tiv e  to m ake d ir e c t ca lcu la tio n s  of the dyn am ical 

path fo llo w ed  by a c lu s te r  of sy s te m  poin ts w hose in it ia l s p e c i f i 

cation  is  d esig n ed  to co v er  the range o f in it ia l conditions of app lied  

w ind s t r e s s  and ocean  m a ss  d istr ib u tion  of p h y sica l in te r e s t . The

(7.25)

U se  of H am ilton*s can on ica l equations in (7 .25) d er iv es

L io u v iile 's  E quation (7 .26).

(7 .26)

M eans w ill  be sought to m ake ap p lica tion  of the forego in g

In the a b sen ce  of a w h olly  g en era l m ethod of attack , it
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tim e  h is to r y  of th is c lu s te r , c a lc u la te d  with the a id  of H a m ilto n 's  

P r in c ip le  and L iouville's  T h e o r e m , w ill provide in fo rm a tio n  about 

th e r e la t iv e  im portance o f a s su m p tio n s  of in itia l con d ition s in  te r m s  

o f th e  d istr ib u tion  of the c lu s te r  o f fin a l sta te  phase p o in ts . In a d 

d ition  th e behavior of s p e c if ic  r e a liz a tio n s  of an o cea n  m o d e l w ill  

p erh a p s g iv e  a guide to so lu tio n  o f the general p rob lem .

It w as noted in the c lo s in g  paragraphs of sec tio n  5 th at it 

w ou ld  be a t le a se  d es ira b le , and probably n e c e ssa r y , to in c lu d e  

th erm o d y n a m ic  constraints in  an y  attem pt to define the unique  

d y n a m ica l structure of an o c e a n  s y s te m  under g iven  co n d itio n s .

B r ie f  m ention of th e u s e  o f the princip le of m in im u m  

en tro p y  production  to define u n iq u en ess  in an ocean c irc u la tio n  

m o d el w a s noted in an a b s tr a c t  by  V eron is (1961); the fu ll p ap er  

h a s  not b een  availab le to th e  p r e s e n t  author at the tim e  of w r itin g . 

V e r o n is  su g g ests  that d y n a m ica l con sid era tion s a lon e cannot y ie ld  

unique so lu tio n s for the w in d -d r iv e n  ocean  c ircu la tion  w ith out the  

in tro d u ctio n  of therm odynam ic c o n str a in ts .

A  continuous m ed iu m  havin g  stationary boundary co n d ition s  

w ill  g e n e r a lly  evolve tow ard  a n o n -eq u ilib r iu m  sta tio n a ry  s ta te  that 

c o r r e sp o n d s  to a constant n o n -z e r o  entropy production. A  fo r m u 

la tio n  o f the princip le of m in im u m  entropy production w as d e v e lo p e d  

by G ia n sd o rf, Prigognine and  H ays (1962) to include ir r e v e r s ib le  

p r o c e s s  due to fr iction  in  a v is c o u s ,  in co m p ressib le  flu id  w ith  te m 

p e r a tu r e  grad ien ts. T h ese  a u th o rs  com bine this th erm o d y n a m ic  

a rg u m en t w ith  the m ech a n ica l v a r ia tio n a l p r in c ip les  o u tlin ed  p r e 

v io u s ly  to define a L agrangean  d e n s ity  and hence to d er iv e  th e  

E u le r -L a g r a n g e  equations o f m o tio n  for their g en era l flu id  s y s te m .
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T he u se  o f v a r ia tio n a l p r in c ip le s  for  the g e n e ra l sp e c if ic a t io n  

of a h yd rodynam ic s y s te m  does not appear to lave  b een  th orou ghly  

ex p lo red . In a r e c e n t  su r v ey  of th is su b ject E ck a rt (I960 ) u n d erlin es  

its  im p o rta n ce  by quoting the opin ion of J. von N eum ann that "the 

d ifficu lty  of so lv in g  the hyd rod ynam ic equations a r i s e s ,  not from  

th e ir  n o n -lin e a r  c h a r a c te r , but fr o m  the la ck  of a v a r ia tio n  p r in c ip le ."  

E ck a rt g o es  on to show  that th is  d evelop m en t has b een  reta rd ed  on 

the one hand, by a tra d itio n a l p r e fe r e n c e  for w orking w ith  the  

E u ler ia n  r ep re sen ta tio n  of the hyd rod ynam ic equations of change, 

and on the o th er hand, by a n atu ra l d er iv a tio n  of equ ations of m otion  

in  the L agran gean  r e p r e se n ta tio n  fro m  an a p p lica tion  of the v a r i 

a tio n a l p r in c ip le . Som e p r o g r e s s  tow ard  c lo s in g  th is gap is  ev id en t  

in  the l ite r a tu r e . F o r  in s ta n ce , P ie r s o n  (1962) has found it  p r o f it 

a b le  to  fo rm u la te  c e r ta in  p ro b lem s in  dyn am ica l ocean ograp h y  u sin g  

the L agran gean  rep re sen ta tio n . F ro m  the o th er  s id e  o f the gap, the 

ex a m p le  m a y  be quoted of W hitlock (1962) who show ed  how to form u 

la te  d ir e c t ly  in an E u ler ia n  r e p r e se n ta tio n  a L agran gean  fu nction  

c h a r a c te r is t ic  o f a hom ogen eou s fr ic t io n le s s  c o m p r e ss ib le  flu id  flow  

f ir s t  s e t  out in  te r m s  of L agran gean  r ep re sen ta tio n  by K atz (1961). 

B oth of th e se  la s t-q u o te d  r e fe r e n c e s  a re  o r ien ted  p r im a r ily  tow ard  

a study of p la sm a  p h y s ic s . It a p p ea rs  from  a p r e lim in a r y  se a r c h  of 

the l ite r a tu r e  that the req u irem en ts  o f r e s e a r c h  in to  th e m a g n e to - 

h yd rod yn am ics and th erm o d y n a m ics  of p la sm a s  is  lik e ly  to  produ ce  

s ig n ifica n t co n tr ib u tion s to  the d evelop m en t o f v a r ia tio n a l tech n iq u es  

in  h y d ro d y n a m ics . P erh a p s  fro m  th is  p rod u ct o f the sp a ce  age w ill  

co m e new  to o ls  for  the d yn am ical o cea n o g ra fh er  to  co n stru ct h is  

m o d els  fro m  a new  poin t o f v iew .
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8. N atu ra l rad iocarb on  and ocean c ircu la tio n

The fu rth er  developm ent of o cea n  c ir c u la tio n  th e o r ie s  r e 

q u ires  guidance fro m  m easu rem en ts of the v e lo c ity  s tru c tu re  at all 

le v e l s  in the r ea l o cea n . One source of in d ir e c t  e s t im a tio n  for deep 

w a ter  m o v em en ts  m ay p o ss ib ly  be con ta in ed  in  m ea su rem en ts  of the 

co n cen tra tio n  of the radio  isotope 14C in  the o cea n , r e la t iv e  to that 

of th e s ta b le  iso to p e  12C. During recen t y e a r s  so m e  su ch  m easure

m en ts  have a ccu m u la ted  from  the A tlan tic  O cean (B r o eck er  et aL , 

I960 ), the e a s te r n  P a c if ic  Ocean (B ien , e t a l. , I9 6 0 ), and the 

so u th w est P a c if ic  O cean (Burling and G arn er, 1959). T he source of 

n atu ra l ra d io ca rb o n  l i e s  in  the in teraction  b etw een  the neutron com

ponent o f the c o sm ic  ray  flux and a tm o sp h er ic  n itro g en . The carbon 

iso to p e  14C fo r m e d  during this p r o c e ss  is  u n sta b le , su ffer in g

T 3]3-decay to a s ta b le  fo rm  of the sam e e lem en t, C, w ith  a half-life  

of a p p ro x im a te ly  5600 y e a r s . The co n cen tra tio n  of rad iocarbon  

in  th e o c ea n ic  upper m ix ed  layer w ill be g o v ern ed  b a s ic a lly  by those 

p r o c e s s e s  w hich  exch an ge  carbon d ioxide a c r o s s  the a ir - s e a  in ter 

fa c e . T h e se  p r o c e s s e s  have been the su b jec t of m uch recen t investi

gation , d is c u s s e d  for exam ple by B o lin  (I9 6 0 ). In d eep er  w aters, 

the (1 4 C /12C) ra tio  w ill  depend on

(a) the p h y s ic a l p r o c e s s e s  of a d v ec tio n  by the g r o s s  oceanic  

c ir c u la tio n , d iffu sion  a c r o s s  concentration  g ra d ien ts  by turbulent 

exch an ge  and ra d io a c tiv e  decay o f the u n sta b le  iso to p e ; and

(b) ch e m ic a l and b io lo g ica l p r o c e s s e s  w h ich  m ay p recip itate  

in to , or d is s o lv e  fro m  the sed im en ts, co n su m e , or red istr ib u te  

the tw o carb on  is o to p e s , perhaps in trod ucing fra c tio n a tio n  effects
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b e c a u se  of the d ifferen ce  in isotopic w eigh ts.

If the p r o c e s s e s  in (b) above m ay be n e g le c te d - -a n  a ssu m p tio n  

that n eed s  ca re fu l investigation , h o w e v e r --th e se  carb on  m e a s u r e 

m en ts s e e m  to o ffer , a t lea st in princip le, a m ea n s fo r  th e e s t i 

m a t io n  o f th e k in em atics of deeper ocean w a te r s , th rou gh  the ra d io 

a c t iv e  d eca y  p r o c e s s . Derivation of deep cu rren t v e lo c i t ie s  has b een  

a ttem p ted  in  the re feren ces  cited above, for e x a m p le , s im p ly  by  

u sin g  the apparent "ages" of water sam p les (i. e . , th e tim e  e la p se d  

s in c e  the sa m p le  has been in free  exchange w ith  th e a tm o sp h er e )  

se p a ra ted  by a known distance. Such a trea tm en t ig n o r e s  the e f fe c ts  

of m ix in g , h ow ever, a process known to be o f g r e a t  im p o r ta n c e  in  

go v ern in g  both the distribution of m ateria l d is s o lv e d  or su sp en d ed  

in  o cea n  w ater  and the dynamics of flow. T he g r o s s  r e s u lt s  o f  

m ix in g  ap p lied  to the distribution of natural ra d io ca rb o n  have b een  

d is c u s s e d  by C raig  (1957) and by B ro eck er  (1962) who com p u ted  a v e r 

age exch an ge  ra te s  betw een, and resid en ce  t im e s  o f ra d io ca rb o n  

p a r t ic le s  in , th r e e -r e se r v o ir  "box model" s y s te m s  c o n s is t in g  of 

the a tm o sp h er e , the oceanic upper m ixed  la y e r , and th e deep  o cea n  

b elow  the p erm an en t th erm ocline. E ach of th e se  r e s e r v o ir s  w as  

r eg a r d e d  a s  being com pletely  m ixed, and f ir s t  o rd er  ex ch a n g e  p r o 

c e s s e s  b etw een  r e se r v o ir s  w ere assu m ed .

If, now, in te r e st  is  focu ssed  on d e ta ils  o f th e o c e a n ic  v e lo 

c ity  and m a ss  stru ctu re  rather than on the o c e a n /a tm o sp h e r e  e x 

change p ro b lem , the whole oceanic carbon r e s e r v o ir  s y s te m  w ill  

n eed  to  be m o d elled  in a way that w ill p erm it c o n s id e r a t io n  of con

tin uous v a r ia tio n  of velocity , concentration, and m ix in g , e s p e c ia l ly  

in  the v e r t ic a l d irection . The following d is c u s s io n  a ttem p ts  a
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p r e lim in a ry  eva lu a tion  of the ex ten t to w hich carbon-14 m ea su rem en ts  

m ay be u se fu l a s  an ind ex  o f m o v em en t and m ix in g  in the deep ocean .

T o th is end, a s im p le  m o d el w ill  be c o n s id e re d  w hich  in co r 

p o ra tes  both v e r t ic a l  and h o r izo n ta l v e lo c ity  com pon en ts in  one 

v e r t ic a l c r o s s - s e c t io n , w ith  la te r a l and v e r t ic a l m ix in g  e x p r e s s e d  

in e lem en ta r y  fo rm . T h ere  is  no com ponent of co n cen tra tion  

g ra d ien t, and h en ce  no flux  of p ro p erty  o ccu rs  n orm a l to the c r o s s -  

se c t io n  in  th is m o d el. L et th e c r o s s - s e c t io n  to be c o n s id e re d  l ie  

in the y - z  p lane and le t  -Ay, A z b e , r e sp e c t iv e ly , the eddy c o 

e ff ic ie n ts  of d iffu sion  for m a te r ia l d is so lv e d  in  s e a  w a ter , a s 

su m ed  to be con stan t and independent o f the nature of the d is so lv e d  

m a te r ia l. If X = X ( y ,z , t )  be the con cen tra tion  of such  m a ter ia l, 

then

dx ax x ax ± ax
¥ = ’ I y  1  <8 ' 1>

It is  now sp e c if ie d  that the d istr ib u tio n  of a ll  r e lev a n t c o n 

cen tra tio n s X is  sta tio n a ry  in  th is  m od el so  that (8 X /9 t = 0) and

<\2 v  ^  „ q2 ■a x ,  ax y a x z a 2x x _ _ #QV + w 3 ---------     + Q = 0 (8 .2 )
ay az p ay2 p az2

w h ere  Q is  the ra te  at w h ich  the p ro p erty  X is  rem o v ed  from  

the s y s te m  by n o n -c o n se r v a tiv e  p r o c e s s e s .  In the c a se  o f to ta l 

sa lt  co n cen tra tio n  (sa lin ity ) , su ch  a p r o c e s s  m igh t be p r e c ip ita 

tion  or evap oration  at the s e a  su r fa c e . F o r  d is s o lv e d  oxygen , it 

m ight be the r e sp ir a tio n  of m a r in e  a n im a ls  or the ox id ation  of 

org a n ic  m a te r ia l. F or  c a r b o n -14 it  w ould id e a lly  be on ly  the 

ra d io a c tiv e  d ecay  p r o c e s s , ex cep t for  the so u r c e  reg io n  in  the
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sea  su rface so  th at Qc = \C  where X is  the is o to p e 's  d e c a y  c o n 

stant and C is  th e c a r b o n -1 4  concentration . B e lo w  su r fa c e  i n 

flu en ce, the s a lin ity , S, w ill  be a co n serv a tiv e  p r o p e r ty  w ith  its  

distribution  g o v e rn ed  by p h y sica l m ovem en ts and m ix in g  on ly , so

that Q = 0 . E q u a tio n s o f the form  of (8 .2) m ay thus be c o n stru c ted  s
w hich d escr ib e  s ta t io n a r y  d istributions of s a lt  and c a r b o n -1 4  in  

th is highly id e a liz e d  m o d e l situation.

as , as A a2s . a2s _ lapv 7;— + pw -jc— - A ------  - A — 5- -  0 (8.3)H a y   ̂ y  0ys z

ac , ac A a2s A a2s ,  n /a ..pv ■=— + pw k A — =- - A — 5- + pXC = 0 (8.4)K 8y  K 9z y  0y2 z

If a ll o th er  q u a n tit ie s  are known, eq u ation s (8 .3 ) and (8 .4 )  

w ill determ ine v (y , z) and w(y, z), provided  the d e term in a n t of 

th eir  co e ffic ien ts  d o es  not vanish , i. e. ,

as ac ac as , ..
8 7 5 7 - 3 7 ^ * °  (8*5)

An eq u a lity  in  (8 .5 ) would requ ire the c o n c en tr a tio n  gra d ien ts  

of sa lt and carb on  e v e r y w h e r e  to lie  p a r a lle l. In th is  c a s e ,  C could  

be ex p ressed  a s  on e fu n ction  of S over the w h o le  s e c t io n . Such a 

co rre la tion  b e tw een  S and C is  here d en ied , in  p r in c ip le ,  through  

the rad ioactive d e c a y  o f one component. W hether th e  m agn itud e  

of the rad ioactive  d e c a y  constant in re la tio n  to o c e a n ic  r a te s  of 

m ovem ent and m ix in g  i s  appropriate to m ain ta in  th e a b ove  d e t e r 

m inant su ffic ie n tly  well-ccEnditi'onedfor p r a c t ic a l com p u ta tion , r e 

m ains to be s e e n . S o lu tio n  of equations (8.3) and (8 .4 ) fo r  the  

v e lo c ity  com pon en ts y ie ld s
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-w
as
d z ( - M s ) P

as
ay ( - m s ) p2

as
8y Wy

a c
az ( -M c ) a c

5y
( - m c ) as

3 ?
a c
8z

( 8 . 6 )

w h ere  M = A ? - £  + A 03 S
Y 3y z 9zc

and M = A
c y ay '

a3 c  , A a2 c
2 z 9z2 - \ c

A ll  o cea n ic  rad iocarb on  m e a s u r e m e n ts  m ade to date have  

been  p u b lish ed  in the fo r m  of "activ ity" , prop ortion a l to  the ratio  

of the num ber of a tom s of 14C in the sa m p le  to  the num ber of a tom s  

of 13C p r e se n t .  F ig u r e s  p u b lish ed  u su a lly  r e p r e s e n t  p e r ce n t  

" en r ich m en ts" , E , of C 14-activ ity  with r e s p e c t  to  a stand ard  

sa m p le .

E = — S .*  x 100% (8.7)

w h ere  a = 1 4 C / 12C for the sa m p le  and a *  r e p r e s e n ts  th e  a c t iv ity  

of the standard. The quantity C in  equations (8.4) to (8 .6) should  

s t r ic t ly  be id en tif ied  with the quantity 1 4 C above , and its  sp ace  

d er iv a t iv e s  would thus have the fo r m

a c
8x 100 | |  + (100 + E) ^ ( 13C) ( 8 . 8 )
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In the d iscu ss io n  fo llo w in g , h o w e v e r ,  the quantity C of  

eq u ation s  (8.4) to (8.6) w i l l  be id e n t i f ie d  w ith  the enrichm ent, E.

T h is  am ou n ts  to an a s su m p tio n  of sp a t ia l  constancy of the c o n c e n 

tra t io n  of carbon-12. D ata on th is  concen tration  are g en era lly  la c k 

ing and w il l  be required for  any  a n a ly s i s  of the kind attem pted h ere  

to be p r o p e r ly  defin itive. F r o m  ca rb o n  dioxide m easu rem en ts  

m ad e in the Atlantic O cean  (e. g. , s e e  Defant, 1962, p. 78), it  w ould  

ap p ea r  that the constancy of c a rb o n  content in the deeper w a te r s ,  sa y  

b e lo w  1500 m, may be a fa ir  a p p ro x im a tio n . In shallower w a te r s ,  

h o w e v e r ,  re la t iv e ly  la r g e  c o n c en tr a t io n  gradients are evident,  

e s p e c ia l ly  in  the v e r t ic a l ,  b io lo g ic a l  e f fe c t s  producing a w id e - s p r e a d  

m a x im u m  in the COs c o n c e n tr a t io n /d e p th  curve at a depth of s o m e  

500 m . In shallow and in te r m e d ia te  depths, therefore, the p r e s e n t  

d i s c u s s io n  m ay w ell b e  u n r e a l i s t ic .  C onveniently ignoring a l l  th is  

for  th e  p r e se n t  model, equation  (8 .4 ) w i l l  now be written a s  (8.10).

ev I f  + Pw I f  - Ay  0 -  A Z  0  + PM100+E) = 0 (8 .10)

The carbon-14 data u s e d  in  th e  ca lcu lations that fo llow  a re  

b a s e d  on sec t io n s  in the so u th w e s t  P a c i f i c  Ocean in the v ic in ity  of 

the 1 80**1 m eridian , one ex ten d in g  north w ards from  New Z ealand  

to w a rd  th e  Tokelau Is la n d s ,  the o th er  extending southwards fro m  

N ew  Z ealand  towards th e  R o s s  Sea . T h e  or ig inally  published  e n 

r ic h m e n ts  (Burling and G a rn er , 1959) show ed  sm all pos it ive  v a lu e s  

at and n ea r  the sea su r fa c e ;  for  c o n v e n ie n c e  here, these v a lu e s  

w e r e  n o r m a lize d  by su b tra c tin g  the g r e a t e s t  positive value fr o m  a l l  

o th e r s  so  that E < 0 e v e r y w h e r e .  T he enrichm ent values thus
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m odified which w ere fin a lly  adopted  fo r  com p u ta tion  a r e  l i s t e d  in  

Table 8.1. It must be s t r e s s e d  that th e s e  f ig u r e s  r e p r e s e n t  only  

an idealization, the form  of w hich  has b een  s u g g e s te d  by o b se r v a t io n .  

The enrichment figures tab u la ted  h e r e  do not p re ten d  n e c e s s a r i l y  

to be representative of cond it ions  in the r e a l  o cean . A  c o r r e sp o n d in g  

idea lized  salinity section  has a l s o  b een  c o n s tr u c te d  fr o m  v a lu e s  in  

Table 8.1. These values have b e e n  s u g g e s te d  by data tak en  north  

of New Zealand at Dana s ta t io n s  3580, 3585, 3626, and 3639 , and  

Galathea station 677 and to the south  at s ta t io n s  w ork ed  by B u r lin g  

(1961, fig. 9 ). The s tr u c tu r e  o f  th e s e  id e a l iz e d  s e c t io n s  i s  i l l u s 

trated  by the plotted c r o s s - s e c t i o n s  o f  f ig u r e s  8.1 and 8.2. A s m a y  

be seen  in Table 8.1, the g r id  point sp a c in g s  adop ted  for  the n u m e r i

cal 'representation of th ese  s e c t io n s  w as  5° la t itu d e  in the h o r iz o n ta l ,  

and 300 m in the vertica l. The ad eq u acy  o f th e s e  sp a c in g s  to  

rep resen t gradients and c u r v a tu r e s  in  f in ite  d if fe re n c e  fo r m  is  

il lu strated  in figure 8.3 for the sa l in ity  d is tr ib u tio n  at the "station "  

in latitude 3 0 °S. Values of the v e lo c i ty  com p on en ts  v and w w e r e  

calculated from equation (8 .6 ) at e a ch  gr id p o in t for  four d if feren t  

mixing regim es:

(a) A = 1 0  gm cm-1 s e c -1 ; A  = 10s gm  cm""1 s e c -1 to  study
y z

the combined effects of both h o r iz o n ta l  and v e r t ic a l  m ix in g  u s in g  

representative orders  of m agnitude o f the d if fu s ion  c o e f f ic ie n t s .  

V elocity distributions d er iv ed  a r e  p lo tted  in  f ig u r e s  8 .4  and 8.5.

(b) A = 0 ; A = 10 c .  g. s .  ; v e r t ic a l  m ix in g  on ly  ( f ig u r esy z

8 . 6  a n d  8 . 7 ) .

(c) A = 10s e .g .  s .  , A  = 0 ;  h o r iz o n ta l  m ix in g  on ly  ( f ig u r e s
y z

8 . 8  a n d  8 . 9 ) .
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F i g u r e  8 . 3 .  S a l i n i t y - d e p t h  v a r i a t i o n  a t  l a t i t u d e  3 0  °S  i n  th e
s e c t i o n  o f  f i g u r e  8 . 3 w i t h  t h e  v a l u e s  o f  th e  f i r s t  
a n d  s e c o n d  d e p t h  d e r i v a t i v e s  d e r i v e d  f r o m  th e  
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(d) A = 0 = A ; no m ixing, advection  actin g  a lone  ( f ig u res
y z

8.10  and 8.11).

V alues of p = 1.0 gm cm-3 and X. = 3.9 X 10“12 s e c “V e r e  u s e d  

throughout the computations.

The sa lin ity  pattern of figure 8.1 p e r m it s  a g e n e r a l  d e s c r ip t io n  

of the w ater  m a ss  character is tics  in the c h o s e n  s e c t io n  in t e r m s  of 

convention al hydrological interpretation. D om in ating  the p a ttern  is  

th e  tongue of low salinity originating n ear  the s u r fa c e  in  the so u th ern  

part of the section  and extending northwards at a depth o f around  

1000 m. T his  represents the Antarctic  In term ed ia te  W a ter . B e lo w  

th e  in term ed ia te  water lie s  the P a c if ic  D eep  W ater of r e la t iv e ly  

high sa lin ity . This water approaches the s u r fa c e  in  h igh er  la t i tu d e s .  

A bove the interm ediate  layer, water p r o p e r t ie s  a r e  in f lu en ced  by 

the p r e s e n c e  of sub-tropical, su b -an tarct ic  and a n ta r c t ic  s u r fa c e  

w a ter .  The detailed distribution of sa l in ity  due to th e s e  in f lu e n c e s  

is  not s e e n  in section 8.1, both b ecau se  of the r e la t iv e ly  w ide h o r i 

zonta l sp ac in gs  of "stations", and b eca u se  the sec t io n  has d e l i b e r 

a te ly  not b een  extended to the sea  su r fa ce  w h ere  w ater  p r o p e r t ie s  

a re  cer ta in ly  not conservative. The S u b -tro p ica l  and A n ta r c t ic  

C o n v erg en ces  are thus not reso lved , but th e r e  is  c l e a r ly  a rapid  

m er id io n a l change of salinity in upper w a ter  l a y e r s  b e tw een  la t i tu d es  

50° and 60° S. This will ref lec t  m ain ly  the p r e s e n c e  o f the A n t 

a r c t ic  C onvergence.

The percentage depletion of c a r b o n -14  a c t iv i ty  in the m o d el  

d istr ib u tion  of figure 8.2 is grea test  in the P a c i f i c  D eep  W ater  

under the reg ion  of formation of the A n ta r c t ic  In term ed ia te  W ater.  

T h is  probably represents the entry into the P a c i f i c  O cean of "old" 

D eep Water from  the Atlantic and Indian O ceans via  the c ir c u m p o la r



cu rren t . Spreading northw ard fro m  th is  c o re  i s  s u g g e s te d  by a 

m a x im u m  in th e  d ep le t ion -d ep th  re la t io n sh ip  m e a s u r e d  at a m id 

la titude station .

A  fu l le r  d is c u s s io n  of the ca rb o n -1 4  a c t iv ity  pattern  as  a 

w a t e r - m a s s  in d ica to r  w as g iven  by B urling  and G arner  (1959); the  

p r e se n t  d is c u s s io n  is  co n cern ed  ra th er  with an attem p t n u m e r ic a l ly  

to d e r iv e  c irc u la t io n  pattern s b a s e d  on the m o d el s itu ation  d e scr ib e d  

in p rev io u s  p aragrap h s.

A d ig e s t  of the r e s u lt s  of th e s e  com putations is  p r e se n te d  

in f ig u r e s  8 .4  through 8.11. B e c a u s e  of the s im p l ic i t y  of the m od el  

u se d  it  i s  not d e s ir e d  to d is c u s s  the r e su lt s  of th is  ex p e r im en t  fro m  

a quantitative point of v iew , but rather  to m ake a g e n e r a l  qualita tive  

a s s e s s m e n t  of the u s e fu ln e s s  of the p r in c ip le s  in vo lved . To th is  

end the f ig u re s  show  the g r o s s  v e lo c i ty  s tr u c tu re  s im p ly  by d i f f e r 

entiating  b e tw een  north - and so u th -g o in g  com ponents  for  the  

" m erid ion a l"  s e c t io n s  ( f ig u res  8.4, 8 .6 , 8.8, and 8.10) and b etw een  

com pon en ts  d ir e c te d  upward and downward for  the " v er t ica l"  se c t io n s  

( f ig u res  8 .5 , 8 .7 , 8 .9 , and 8.11). Only w h ere  u n usually  high v e lo c i ty  

v a lu es  (>  1 cm  s e c - 1 ) ap p eared , w e r e  is o ta c h s  in s e r t e d  in the d ia 

g ra m s (e . g. , f ig u r e s  8 .4  and 8.6). M er id io n a lly  d ir e c te d  v e lo c i ty  

com pon en ts  w e r e  g e n e r a l ly  of the o rd er  o f 10° to 10-1 cm  s e c -1 , 

and v e r t ic a l ly  d ir e c te d  com pon en ts  w e r e  of the o rd er  of 10 to 

10-5 c m  se c - 1 .

(a) C om bination  of h o r izo n ta l  and v e r t ic a l  m ix in g .

F ig u r e s  8 .4  and 8.5 s u m m a r iz e  the r e s u l t s  o f  c a lc u 

la t io n s  b a s e d  on equations (8 .6) and the data of T ab le  8 .1 , and  

m aking u s e  o f  r e p r e s e n ta t iv e  v a lu es  of the m ix in g  c o e f f ic ien ts  d e 

s c r ib e d  p r e v io u s ly .  The fo llow ing fe a tu re s  m ay  be  noted . V e r t ica l
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velocity  com p on en ts  w e r e  generally  d ir e c te d  u p w a rd s .  One band of 

m ovem ent dow nw ard w as  defined in the upper la y e r s  ex tend in g  

throughout m o s t  of th e  sec t io n  to a depth of f iv e  to  s i x  hundred  

m eters .  At th e  so u th er n  end of the s e c t io n  w h e r e  th e  s in k in g  of 

Antarctic In te r m ed ia te  Water is  exp ected  to o c c u r ,  th is  band of  

down-moving w a te r  ex ten d ed  to about a thousand m e t e r s  of depth.

A second band o f dow nward motion w as d efin ed  w h ic h  ex ten d ed  

northward to  about la titude  20 °S just b e low  the depth of the sa l in ity  

m inim um  of th e  A n ta r c t ic  Interm ediate W ater. In upper la y e r s  of 

the southern p a r t  o f  th e  section , m er id io n a l co m p o n en ts  of f low  w ere  

north-going, and flow  in  th is d irection  w as  t r a c e d  a lo n g  th e  c o re  

of the A n tarctic  In te r m ed ia te  Water and in  the D eep  W ater  of m id -  

latitudes. H ig h er  s a l in i ty  water above the In te r m ed ia te  c o r e  sup

ported m ain ly  s o u th -f lo w in g  m erid ional com p o n en ts  in  m id -la t i tu d es ,  

but quite s tron g  n o r th -g o in g  components w e r e  found in  low  la titu d es .

(b) V e r t i c a l  m ix in g

If the c a lcu la t io n s  which d e r iv ed  f ig u r e s  8 .4  and 8.5 are  

repeated with a z e r o  va lu e  for the h o r izo n ta l  m ix in g  c o e f f ic ie n t ,  A^, 

the patterns of f ig u r e s  8.6 and 8.7 a re  obtained. C le a r ly ,  the p r o 

c e s s  of h o r izon ta l m ix in g  i s  re la t ive ly  u n im p ortan t in  th e  m o d el  

used, for the two s e t s  of f igures a re  p r a c t ic a l ly  id e n t ic a l .

(c) H o r izo n ta l  m ix in g

R e ten t io n  of the horizontal m ix in g  c o e f f ic ie n t ,  A^,

and setting the v e r t i c a l  coeffic ien t, A , to  z e r o ,  y ie ld s  the p a t-z

terns shown in  f ig u r e s  8 .8 and 8.9. C o m p a red  w ith  th e  r e s u l t s  of 

the two p rev io u s  e x p e r im e n ts ,  the c ir c u la t io n  p a t te rn s  d e r iv e d  

are  re la t iv e ly  in c o h e r e n t  and do not s u g g e s t  a r e a l i s t i c  s itu ation .

i
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(d) No m ixing

With both h o r iz o n ta l  and v e r t ic a l  m ix ing  co e f f ic ien ts  s e t  

to z er o  so  that only  advection  and ra d ioac tive  d ecay  rem a in  in  the 

m od el, the ca lcu la tio n s  y ie ld  the pattern s of f ig u res  8.10 and 8.11. 

T h e se  pattern s a l s o  do not s u g g e s t  a rea so n a b le  c ircu la t io n  pattern ,  

at l e a s t  in te r m s  of conventional id ea s  on the m er id io n a l c ircu la tio n  

pattern .

The forego in g  ca lcu la tion s  i l lu s tr a te  s e v e r a l  poin ts .

(i) The im p ortan ce  of including appropriate  m ix ing  p r o 

c e s s e s  in any d is c u s s io n  of the s ig n if ica n ce  of C a rb o n -14  "dating"  

to ocean  c irc u la t io n  stu d ies  is  s t r e s s e d .

(ii) The r e la t iv e  un im portance of h or izon ta l m ix in g  over  v e r t i 

ca l exchange ov er  la r g e  o cea n  a r e a s  is  su g g ested . If su ch  an a s 

sum ption  w ere  to le r a b le ,  c o n s id e ra b le  econ om y in o b serv a t io n  

could be a ch ieved , s in c e  only  h o r izo n ta l  g rad ien ts ,  and not seco n d  

d e r iv a t iv e s ,  of w ater  p r o p e r t ie s  w ould need  to be defined in the 

neighborhood of the point at w hich the v e lo c i ty  s tru c tu re  w e re  to be 

d eterm in ed . The h or izon ta l d if fu s ive  flux of p rop erty  is  probably  

g r e a te s t  in the ne ighborhood of the m ajor  w ater  m a s s  bou n d aries .

( i i i )  U se of th is  m od el should  be r e s tr ic t e d  c a re fu l ly  to s i t u 

ations w h ere  the zonal v e lo c i t i e s  a n d /o r  zonal grad ien ts  of p rop erty  

a re  su ff ic ien t ly  s m a l l .  P e r h a p s  su ita b le  reg io n s  m ight b e s t  be 

sought in the Southern O cean to fu lf i l l  th is  condition. The equation  

of continuity  could be u sed  to d er iv e  a f ie ld  of zonal v e lo c i ty  com 

ponents im p lied  by th o se  of the m e r id io n a l  and v e r t ic a l  com ponents  

found by the fo reg o in g  ca lcu la t io n s .  It would be in ter e s t in g  to 

d is c o v e r  w hether rea so n a b le  v a lu es  w ould be so  d er ived .
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(iv) A m od ifica tion  of the above m o d e l m igh t be used to e s t i 

m a te  the sp a t ia l  variation, of the ex ch a n g e  c o e f f ic ien ts  in a region  

w h e r e  d e ta i le d  and direct m e a s u r e m e n t s  of both ve locity  and w ater  

p r o p e r t ie s  h a v e  b een  made. T he w ork  of K nau ss (19&0) in the 

E q u a to r ia l  U ndercurrent o f  the P a c i f i c  O cean  appears to provide  

data for  a p r e l im in a ry  evaluation  of t h e s e  id e a s .
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A P P E N D IX  I 

S u m m a r y  of Notation  

A eddy exch an ge  c o e f f ic ie n t  (2 .29); constant (3.24).

a zonal width of r ec ta n g u la r  o cea n  (3.29); a param eter  (3 .69) .

B constant (3 .24)

b m er id ion a l w idth  of r ec ta n g u la r  ocean (3.29)

C ca rb on -14  c o n c e n tr a t io n  (8 .4).

c constant (3 .2 5 );  v e lo c i t y  (4 .24);  an index (5.10).

D d ep th -o f-n o -m o tio n  (3 .2 ) .

diffusive f lu x  (1 .3 )

d d ifferentia l o p e r a to r ;  a p a r t icu la r  depth (2.8).

E Ekman m a s s  t r a n s p o r t  (2 .23 );  carbon-14 enrichm ent (8 .7 ) .

e base of the n a tu ra l lo g a r i th m  (3 .24).

R ayleigh d is s ip a t io n  fu nction  (7.10).

F force  (1. 1), (7. 1); f r ic t io n  (1.2); constant (2.39), (2.48);
a function (4 .1 ) .

f C orio lis  p a r a m e te r  (2 .6 );  a function  (4.1).

G geostrop h ic  m a s s  t r a n s p o r t  (2 .24); a constant (2.63).

g a c ce le ra t io n  due to  g r a v ity  (2 .4).

H Ham iltonian function .

h constant (3 .2 5 ) .

I an in teg r a l  (7 .4 ) .

i index o f su m m a t io n  (1.1); unit v e c to r  in x-d irection (2 .3) .

J B e s s e l  function

j unit v ec to r  in  y - d i r e c t io n  (2 .3 ) ;  an index (3.36).

K constant (2 .36 );  c o e f f ic ie n t  o f  fr ic t io n  (3.7).

k unit v e c to r  in  z - d i r e c t io n  (2 .3 ) ;  constant (5.9).
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L a constant (5 .22); L agrangean  function (7 .3).

S . an ind ex  (3 .41); a function (4.1).

M a constant (5.33); m ix in g  function (8.6).

m m a s s  (1. 1); a p a r a m e te r  (5 .20).

N a p a r a m e te r  (3. 73).

n an index (1.1), (2 .41); a p a r a m e te r  (5. 21).

P in teg ra ted  p r e s s u r e  function (2. 8).

P p r e s s u r e  (2 .6); constant (3 .24); g e n e r a l iz e d  m om en tu m  (7 .8) .

Q n o n -co n serv a t iv e  r em o v a l rate  of p rop erty  (8 .2).

q constant (3 .24); a p a r a m e te r  (3.69); g e n e r a l iz e d  coord inate  (7.3).

R radius o f  earth  (1 .2) .

r an ind ex  (2 .61).

S a su r fa c e  (4 .5); sa l in ity  (8.3).

s o rd er  o f L eg e n d re 's  equation (3.61); a p a ra m e te r  (3.65).

T in teg ra ted  m a s s  tra n sp o rt  (2 .10); k in etic  en erg y  (7. 3).

t t im e  (1.1).

ir x -co m p o n e n t  of in teg ra ted  m a s s  tra n sp o r t  (2 .9).

u x -co m p o n e n t  of v e lo c i ty  (2. 3).

V to ta l v e lo c i ty  (1.1); y -c o m p o n en t  of in teg ra ted  m a s s  tra n sp o r t  (2.8).

V x -co m p o n e n t  of v e lo c i ty  (2. 3).

W w ork (7 .12); wind s p e e d  (6. 1).

w z -co m p o n en t  of v e lo c i ty  (2. 3).

X a function of x  (3. 21).

X h or izon ta l (zonal) coord inate .

Y a function of y (3. 21).

y h o r izo n ta l  (m er id io n a l ) coord inate .
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Z a fu nct ion  of  lati tude (3.68) .

z v e r t i c a l  coord inate ;  a function of  la t i tu d e  (3. 61).

a a p a r a m e t e r  (3. 20), (7. 6); c a r b o n - 1 4  a c t iv i ty  (8. 7).

(3 8 f / 9 y  ( 3 . 4 9 ) .

y a p a r a m e t e r  (5. 12).

A v a r ia t io n a l  operator  (7.18) .

6 v a r i a t i o n a l  operator  (7. 5).

£ z - c o o r d i n a t e  of  the sea  surface  (2. 8).

T) an in d ex  (2. 38); a coordinate (4. 1); a function of y (5.15).

0 a fu nct ion  of lati tude (3. 67).

X. lon g i tu d e  (2. 45); carbon-14 d e c a y  c on s tant  (8 .4 ) .

p. a co n s ta n t  (5. 17).

v  a p a r a m e t e r  (5. 23).

|  g e n e r a l i z e d  horizontal  coordinate  (2.11); a function of x  (5.15).

II con t in u ed  p r o d u c t .

tt  3 . 1 4 1 6 . . .

p d e n s i t y  (1. 2 ).

2  s u m m a t i o n

cr d e n s i t y  in p h a se  space  (7. 25).

t  s t r e s s  (2. 5).

3? p o t e n t ia l  funct ion  (1. 2), (7. 2).

(j> g e o g r a p h ic a l  latitude.

^  s t r e a m  funct ion  for the in tegra ted  m a s s  transport  (2. 30).

co an gu lar  v e l o c i t y  of rotation of e a r t h  (1. 2).
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A P P E N D IX  II

P r o p e r t i e s  of the Sverdrup M odel  D r iv e n  by a Zonal ly  O r ien ted  

Wind S t r e s s  Which V a r i e s  S in u so id a l ly  in the  M er id iona l  

D ir ec t io n ,  a s  D e s c r i b e d  in S ec t io n  2.

C olum n I T he  va lue  of n in equat ions  (2.41, 2 .42 ,  2 .59 ,  2 .60)

Colum n II T he  va lue  of  <t>° in equat ions  (2 .41 ,  2 .42 ,  2 .59 ,  2 .60)

C olum n III The va lue  of  x / R  in  equat ions  (2 .41 ,  2 .42)

or  the va lue  of \ °  X 0.01 in equat ions  (2 .59 ,  2 .60)  

C olum n IV T he  va lue  of 2fi4*/FR in equat ion (2. 41)

C olum n V The v a lu e  of P / F R  in equat ion (2.42)

C olum n VI The v a lu e  of 2S2ijj/FR in equat ion (2 .59)

C olum n VII T he  va lue  of P / F R  in equation (6.60)

[This  T ab le  (22 p a g es )  i s  a v a i la b le  upon r e q u e s t  f r o m  

N e w  Y ork  U n iv e r s i t y .  ]
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A P P E N D IX  II

P r o p e r t i e s  of the Sverdrup Model D r iven  by a Zonally  O riented  

Wind S t r e s s  Which V a r ie s  S in uso ida l ly  in the Meridional  D irec t io n ,  

as  D e s c r i b e d  in S ec t io n  2.

Colum n I The  value  of  n in equations (2.41, 2 .42 ,  2 .59 ,  2.60)

Colum n II The  va lue  of  0°  in equations (2.41, 2 .42 ,  2 .59 ,  2.60)

Colum n III The va lue  of x / R  in equations (2.41,  2 .42)

or  the value  of \ °  X 0.01 in  equations (2 .59 ,  2.60)

Colum n IV The  value  of 2£24I/ F R  in equation (2 .41)

Colum n V The va lue  of P / F R  in equation (2.42)

Colum n VI The value  o f  2S24J/ F R  in equation (2.59)

Colum n VII The  va lue  of P / F R  in equation (6.60)

PLEASE NOTE:
This is  a  duplicate page with 
variations. F ilm ed a s  received  

U niversity M icrofilm s, Inc.
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